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Suites spectrales rassemblées, Bocksteins et appli-
cations & THH

Soit ku le spectre de la K-théorie complexe connective, localisée en un premier
p, et soit £ la summand d’Adams connective. La suite spectrale de Bockstein
associée a la multiplication par vy € £, et qui calcule les groupes d’homologie de
Hochschild topologique THH, (¢), est connue. Le but de cette theése est, dans un
premier temps, d’étendre ces résultats a la suite spectrale de Bockstein associée
a la multiplication par u € ku,, qui calcule THH, (ku) ; dans un second temps,
d’étudier la composée

ST K(Z,3) = $°BGL (ku) — K (ku) — THH(ku)

capturant une partie des unités de la K-théorie algébrique de ku via la trace de
Bokstedt dans THH.

Nous développons d’abord des outils généraux, qui relient une suite spectrale
a ce que nous appellerons des suites spectrales rassemblées et tronquées. Nous
étudions ensuite comment les extensions dans une suite spectrale de Bockstein
sont parfois déterminées par la suite spectrale elle-méme. Ce résultats généraux
nous permettent de calculer la suite spectrale de Bockstein de THH, (ku) & partir
de celle de THH, (¢). Nous ferons ensuite un deuxiéme calcul de THH, (ku) en
utilisant THH logarithmique. Enfin nous donnons une présentation de ku, K (Z, 3)
et nous calculons la partie sans torsion de I’application ku. K (Z,3) — THH, (ku).

Mots clefs : topologie algébrique, homotopie stable, K-théorie algébrique,
suites spectrales, homologie de Hochschild topologique, K-théorie complexe

Gathered spectral sequences, Bocksteins and appli-
cations to THH

Let ku be the connective complex K-theory spectrum, localized at a prime p,
and let ¢ be its connective Adams summand. The Bockstein spectral sequence,
related to the multiplication by v; € /., that compute the topological Hochschild
homology groups THH, (¢), is known. The purpose of this thesis is, first, to extend
these results to the Bockstein spectral sequence, related to the multiplication by
u € kuy, that compute THH, (ku); and second, to study the composition

YYK(Z,3) = X BGLy (ku) — K (ku) — THH(ku)

that captures part of the units in the algebraic K-theory of ku via the Bokstedt
trace map into THH.

We first develop general tools, that relate a spectral sequence to what we call
gathered and truncated spectral sequences. We then study how the extensions
in a Bockstein spectral sequence can sometimes be recovered from the spectral
sequence itself. We use these general results to compute the Bockstein spectral
sequence for THH, (ku) from the one for THH, (¢). We give a second computation
of THH., (ku) using logarithmic THH. We then give a presentation of ku, K (Z, 3)
and compute the non-torsion part of the map ku.K(Z,3) — THH, (ku).

Keywords: algebraic topology, stable homotopy, algebraic K-theory, spectral
sequences, topological Hochschild homology, complex K-theory
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Introduction

Introduction

The algebraic K-theory groups of a ring are difficult to compute, and thus are
often studied through so-called trace maps. The first of this kind, the Dennis
trace map K — HH, maps algebraic K-theory to Hochschild homology. It
was conjectured by Goodwillie that the Dennis trace map factors through a
version of Hochschild homology where the ground ring is not the integers Z, but
the sphere spectrum S; this hypothetical object was then named topological
Hochschild homology. Such a construction was eventually carried out by Bokstedt
in unpublished work [13], where the first definition of THH and of the trace map
K — THH appear.

However, Bokstedt lacked a sufficiently structured category of spectra to
mimic the definition of Hochschild homology over the sphere spectrum; it was only
after the description of the category of S-modules or the category of symmetric
spectra that such a definition could be made. Topological Hochschild homology
then offers a trace map from the K-theory not only of a ring, but of any E; ring
spectrum. Furthermore, THH can be seen to be equipped with an action of the
circle S', and the study of the homotopy fixed points for this action led to the
definition of topological cyclic homology and the cyclotomic trace K — TC that
factorizes the Bokstedt trace map.

Many methods used to compute topological Hochschilds homology are based
on varying the coefficients; when A is commutative and B is a symmetric
(A, A)-bimodule, a first important property to manipulate the coefficients is the
equation

THH(A; B) = B Ay, THH(A) (0.0.1)

This allows us to identify the E'! terms in the Bockstein spectral sequence
obtained by some multiplication by ¢ € B map in THH(A; B) with the homotopy
of the spectrum THH(A; B/q). This also identify the modulo p homotopy of
THH(A; B) with THH(A; V(0) A B) where V' (0) is the modulo p Moore spectrum;
likewise, for the Smith-Toda complex V (1), the V(1) homology of THH(A; B)
will be the homotopy of THH(A; V(1) A B). This produces spectral sequences
whose first page might be computable by virtue of having a hopefully simpler
coefficients ring.

Another kind of manipulation on the coefficients will come from the equation

THH(A; B) ~ B Ase A

0.0.2

= (B Na B) /\ﬁe B ( )
which will produce a Brun spectral sequence computing the homotopy of
THH(A; B) from that of THH(B; Hr.(B A4 B)), which once again is hope-
fully easier. This method was studied with the level of generality we will need
by Honing in [23].

Examples of computations related to our present work are those of McClure
and Staffeldt in [28]. For a prime p > 3, they computed V(0), THH(¢), the
modulo p homotopy of the topological Hochschild homology of the Adams
summand ¢ of ku, the connective cover of topological complex K-theory. They
also obtained the formula

THH(L) ~ LV (L) (0.0.3)
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for the periodic Adams summand L.

The computation of V(0), THH(¢) was extended to p = 2 by Angelveit and
Rognes in [3]; a similar result for ku was computed by Ausoni in [5], and an
analogous periodic formula

THH(KU) ~ KU V (SKU)g (0.0.4)

was given.

McClure and Staffeldt’s work was aiming at computing THH, (¢) via an
Adams spectral sequence; that computation never appeared. However, THH, (¢)
was computed by Angelveit, Hill and Lawson in [2], using what they called
dueling Bockstein spectral sequences: multiple spectral sequences having the
same target must somehow agree, and the resulting constraints lead to the result.
This idea and their results are the basis of much of the present work.

Another point of interest is the study of the algebraic K-theory spectrum
K (ku) through THH(ku) and trace method. It is conjectured (see [7]) that
K (ku) is an elliptic cohomology theory of chromatic filtration 2 — a theory with
meaningful geometrical content that is suitable to study vs-periodic phenomenons,
as topological K-theory is suitable to study wv;-periodicity.

One way to constuct classes in K-theory is to use the so-called unit map
YPBGLi(R) — K(R). When R is a classical commutative ring, the unit map
has a right inverse K(R) — X BGL;(R) called the determinant map. For ku,
GLq(ku) is the product of infinite loop spaces K(Z,2) x Z/2 x BSUg. Thus,
there is a map

LY K(Z,3) — K(ku) (0.0.5)

that captures part of the units. The 73 of this map is computed in [6], and a
corollary of this computation is that there is no determinant map K(ku) —
Y BGLy(ku).

When computing topological Hochschild homology, it is possible and often
necessary to combine multiple steps of computation to arrive to a result. We will
compute the homotopy of THH(ku); equation (0.0.1) tautologically identify that
with computing the ku homology in the category of ku-modules of THH(ku).
This is still interesting; p-localized ku has coefficients ring Z,)[u], which give
two possibilities for non-trivial Bockstein spectral sequences: multiplying by p
or by u. Thus, to compute the ku-homology of a spectrum X (e.g. to compute
THH(ku)), we can take two different approaches that start with F,-homology,
that we give in the following diagram of spectral sequences:

(V(0) ANkw) X @ P(p) —— ku. X

ﬂ W (0.0.6)

H.(X;F,) @ P(p) @ P(u) —= H.(X;Z,)) ® P(u)

We will show how that square of Bockstein spectral sequences contains informa-
tion relative to the additive extension problems that might arise in computing
ku. X.

The existence of the Adams summand ¢ in relation to ku also offers another
piece of the computation; £ has coefficients ring Z,)[v1] where the map £ — ku
send v; to uP~!. This equation makes the v;-Bockstein spectral sequence

Ho(X;Zp) ® P(o) = £6.X (0.0.7)
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not map into the u-Bockstein spectral sequence computing ku,X, but more
nicely into another vi-Bockstein spectral sequence

(ku/v1)+ X @ P(v1) = ku. X (0.0.8)

Moreover, the element (ku/v;1).X can be computed from a truncated u-Bockstein
spectral sequence:

H, (X; Z(p)) X prl(u) = (k:u/vl)*X (009)
These three spectral sequences fit in a diagram

H*(X;Z(p)) AAAAANAAAAASY H*(X;Z(p)) ®P(u) = ku, X

{ I

H(X;Zp)) ® Pp_1(u) @ P(v1) (ku/v1)+ X ® P(vy)

(0.0.10)
where any information on one of the path, top or bottom, can be translated into
information on the other.

Both diagram (0.0.6) and (0.0.10) present situations that are not specific
to ku. A similar square diagram can be written for ¢ or any integral Morava
K-theory. We will also develop the theory translating between the two path
in the triangular diagram for any spectral sequence coming from a tower of
spectra, not just for the Bockstein spectral sequences obtained from an element
in a ring and its powers. Thus, our results could be used to compute spectral
sequences in any case where it would make sense to gather steps in the filtration
(potentially in order to compare more easily with another spectral sequence,
as in our computation). For example, the Lubin-Tate spectrum F,, share with
some homotopy fixed point spectra the same relationship as ku, has with £. The
Adams summand ¢ is obtained as the homotopy fixed point of a C),_;-action
on ku,, and a similar result can be stated for the E,, at other chromatic levels,
see the results of [19], recounted as theorem 5.4.4 of [32]. Computations with
similar steps could then be carried out, starting with the Morava K-theory K(n)
(that can be seen to be computable for any n in some cases, e.g. [31]) and their
connective covers k(n).

This thesis is organized in two parts; the first one — chapters 1 to 3 — contains
general results on spectral sequence; the second one — chapters 4 to 7 — deals
with the topological Hochschild homology of ku and the trace map from K(Z, 3).

Chapter 1 results are on a generalized version of the situation of diagram
(0.0.10). We provide a dictionnnary between the differentials of a spectral
sequence coming from a tower of spectra, truncated versions of that spectral
sequence and gathered versions. A tower of spectra is a functor from the poset of
the integers to a category of spectra; when considered together with the cofibers
of the maps constituting the tower, it provides an unrolled exact couple by taking
homotopy, and thus a spectral sequence. For ku, the tower we will use is the
Whitehead tower, that can be obtained by repeating the multiplication by u
map

o YU A X = D2kuA X — ku A X. (0.0.11)

The tower — and the exact couple and spectral sequence — can be truncated
by setting all the morphisms outside some bounds to be the identity. In the
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diagram (0.0.10), this is how we get the spectral sequence
H.(X;Zp)) ® Ppo1(u) = (ku/v1). X. (0.0.12)

The tower can also be gathered along an increasing map Z — Z — in diagram
(0.0.10), the map = — |v1]z gives the spectral sequence

(ku/v1)«X ® P(v1) = ku.X. (0.0.13)

We will state general results, which for our example will specialize the following:
differentials in the u-Bockstein spectral sequence

Ho(X;Zgy) @ Plu) = ku, X (0.0.14)

that are smaller than |v1| result in differential in (0.0.12) (theorem 1.2.11); that
the differentials longer than |v1|, on the other hand, are related to differentials
in (0.0.13) (theorem 1.2.21). We also provide results going the other way, from
either the truncated or gathered spectral sequences to the base spectral sequence
(theorem 1.2.11 and theorem 1.2.28), as well as results for null differentials that
are sufficient to manage computations (theorem 1.2.35).

Chapter 2 explains how the additive extensions in a Bockstein spectral
sequence can sometimes be recovered from the differentials in a generalized
diagram (0.0.6) (theorem 2.4.1). We will not work with ku but with any
homology theory whose coefficients are polynomial in two elements ¢ and v,
analogous to p and u. We will provide two sets of hypotheses on the four
Bockstein spectral sequences of diagram (0.0.6) under which this is possible. The
stronger set of hypotheses constrain H,(X;F,) to be of rank at most 1 in each
degree, and constrain the length of the u-towers in the E°°-page of the spectral
sequence on the right side of diagram (0.0.6) so that the extensions that can
occur are unique. The weaker set of hypotheses relax the rank 1 hypothesis to
only the infinite cycle in the bottom and left side spectral sequences, and relax
the previous unicity property; in order to still be able to recover the extensions
from the differentials, we will have to remark that some divisibilities by p, and
thus additive extensions, are visible through a pattern in the differentials. Then
it will be necessary to constrain the length of the u-towers in the E*°-page to
ensure that all the possible divisibilities are visible through this pattern.

Chapter 3 provide a proof of folklore result — an isomorphism between the
Atiyah-Hirzebruch spectral sequence obtained from a skeletal filtration and the
spectral sequences obtained from the Whitehead tower or the Postnikov tower
(theorem 3.2.5).

Chapter 4 introduce topological Hochschild homology and the results we will
need for our following computation of THH, (ku).

Chapter 5 compute THH, (ku) as a ku-module from THH, (¢) and using the
results from chapter 1 and 2 to compute the Bockstein spectral sequence

THH,(ku; HZ)) ® P(u) = THH, (ku). (0.0.15)

We will first see how THH, (ku; HZ) is generated as an abelian group by 1, the
suspension ou of u, the generators yu, of THH,(Z) and their products (propo-
sition 5.2.31). We then compute THH, (ku) (theorem 5.7.14): the generators
that lifts in THH, (ku) are 1 and ou for the non-torsion part, cu becoming
divisible by increasingly bigger integers as it is multiplied by u; the torsion must
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be analyzed one prime p at a time. It can be separated into increasingly large
submodules T for any n > 1 and 1 < k < p — 1, generated by the classes

OUEpn, OUMEpr4p, OUdEpn4+2p, - - - OULEpn —p (0016)

such that for any k and k', T and T,’f/ are isomorphic when forgetting the
degree, and T contains p — 1 copies of T,,_; as submodules, as well as one more
copy as a quotient. This is of course very similar to the result on THH, (¢), but
it must be noted that

THH. (ku) # THH..(£) ® p(s,) P(w). (0.0.17)

Chapter 6 provide another computation of THH, (ku) the using logarithmic
topological Hochschild homology THH, (ku, (u)). That computation still requires
the knowledge of THH, (¢) and of some fact on the suspension map ku —
THH(ku). Logarithmic topological Hochschild homology comes with a short
exact sequence

0 — THH. (¢) — THH. (¢, (v1)) — THH._1(HZ)) — 0 (0.0.18)
as well as one for ku, and a weak equivalence
THH (ku, (u)) ~ ku Ag THH(Z, (v1)) (0.0.19)

which state that ku is formally log-THH-étale. The sequence (0.0.18) allows us
to compute THH, (¢, (v1)) (theorem 6.2.4), and from equation (0.0.19), we can
deduce THH, (ku, (u)) (theorem 6.2.6) as well as THH, (ku).

Chapter 7 introduces the Bokstedt trace map into THH, and provides a
computation of the non-torsion part of ku.K(Z,3) (proposition 7.2.51), a com-
putation of the torsion part up to the additive extensions in the u-Bockstein
spectral sequence (theorem 7.2.50), and a computation of the non-torsion part
of the map ku.K(Z,3) — THH, (ku) induced by the trace (theorem 7.3.34).
The non-torsion part of ku.K(Z,3) is similar to that of THH, (ku), with a class
o8B0y mapping to ou, but differs in that when mutiplied by u, 03y become as
divisible by integers as ocu after one more mutiplication. Thus, the non-torsion
part of ku.K(Z,3) injects into THH, (ku).

Finally, appendix A contains a computer program that was used to generated
pictures of some submodules of THH, (ku).

10
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Notations and conventions

We will use the following notations to describe various algebras:
e P(z) is a polynomial algebra over a generator x

e P, () is a truncated polynomial algebra at height n, that is the quotient
of P(x) by the relation ™ =0

e I'(z) is a divided power algebra, which is generated additively by the
divided power of x, denoted ~;z for any 7 > 0, and with the multiplicative
relations:

i+
71'56'7;‘55:( i >%‘+jff~

e FE(z) is what we will call an exterior algebra, which will always mean Py (x);
however, this is not what is usually called an exterior algebra when not in
odd characteristic, since in that case the relation we have is 222 = 0.

The base ring for these algebras will be determined in most case by the context
in which they appear. When computing homology with coefficient in F, or
modulo p homotopy, the base ring will be F,. When computing homology
with coefficients in Z, Z,) or Z, (the integers, the p-localized integers or the
p-completed integers), it will be Z, Z, or Z,. When computing THH, it will
be the base ring for the coefficient spectrum. If we need to specify the base ring,
we will note it in a subscript: Pg(z), Eg(z), etc.

When writing spectral sequences, we will use tensor products ® of these
algebras. One of these tensor product will be written ®, it will separate the
algebras generated by classes whose bidegree lies on the z-axis — on the left of ®
— and those generated by classes whose bidegree lies on the y-axis — on the right
of ®.

11
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Computational tools for
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Chapter 1

Spectral sequences from
towers of spectra

Our vocabulary concerning spectral sequences will follow Boardman’s in [12]. We
will work in a stable homotopy category, that is to say the homotopy category of
a category of spectra. The underlying category of spectra could be Boardman’s
spectra (see [1] or [36]), or S-module from [20]. What we really use is that we
have a triangulated category, with a functor to the graded group that produces
long exact sequences from the triangles, with some unicity on the maps between
two triangles (arising from the unicity up to homotopy of the maps between
cofiber sequences).
We study spectral sequences arising from a tower of spectra indexed by Z:

Yn—i—l Y, Y1 — ... (101)

Let Y, be the limit of the tower and Y_., be the colimit. For any a and b
integers or oo with a < b, let Yab be the cofiber of the map Y, — Y,. For each
n € 7, the cofiber sequence:

Yoy —— Y, —— Yt (1.0.2)

gives a long exact sequence in homotopy. Pasting each of these sequences defines
an unrolled exact couple, and a spectral sequence.

To ensure (weak) convergence of the spectral sequence, we quotient the tower
of spectra by the limit. To this end, we need to discuss the maps between these
cofibers.

1.1 The octahedral axiom and consequences

The octahedral axiom is assumed true in any triangulated category. Here we
will use it in the homotopy category of spectra, which is triangulated by virtue
of being the homotopy category of a stable model category.

Axiom 1.1.1 (Octahedral). Let A—-B —-C, A—-D—-FEand B—D — F

13



1.1 The octahedral axiom and consequences

be triangles such that the diagram

A—— B
l’d l (1.1.2)
A——D
commutes. Then there are six triangles and a commutative diagram:

A—— B——C

b L]

T — lf — T (1.1.3)

*« —— F 4, F

where * is the zero-object of the category.

Remark that in the specific case of the stable homotopy category, the maps
C — F and EF — F are unique, and thus are unique up to homotopy in the
category of spectra.

Our first lemma is a reformulation of this axiom with our notations:

Lemma 1.1.4. Let a < b < ¢ be integers or £oo. There is a morphism of
cofiber sequences, and commutative diagram:

Yo — Y, — Y

i"d l | (1.1.5)

Y, — Y, — Y¢

Then there is a cofiber sequence:
I S (1.1.6)
and a weak equivalence f : Y? — Y making the following diagram commute.

V, — Y, —— Y?

l l ls (1.1.7)

R et

We can conclude the following, which ensure that our spectral sequences can
converge to their colimit

14



1.1 The octahedral axiom and consequences

Proposition 1.1.8. For any a < b integers, the cofiber of Y,>° — Y ° is Yh.
Then the towers of spectra

Y29, y,e Yo, —— (1.1.9)

n

Yo+1 Y, Y1 — .. (1.1.10)
induce isomorphic spectral sequences, beginning from the E' pages.

Proof. This is lemma 1.1.4: we have a morphism of exact couple induced by the
diagrams

Y1 Y, Yt
l i lﬁ (1.1.11)
Yno—?-l Ynoo YTZL+1

that is an isomorphism on the E' pages. The induced morphisms on the derived
exact couples are then automatically isomorphisms on the following pages, and
thus we have two isomorphic spectral sequences. O

This corollary will be used with towers of spectra such that for some m € Z
and for all k£ > m, all the Yy11 — Y) are isomorphism — that is, Y, is the limit
of the tower; and thus oo will be replaced by m. In fact, we will mostly deal
with towers quotiented by their limits, and we will need another version of the
octahedral axiom.

In the following, whenever ¢ < j < k are integers or +o0, the map ij — YFis
the map coming from the morphism between the cofiber sequences Y, — Y; — Yj’“
and Vi, — Y; — Y% and the map Y — Yij is from the cofiber sequence
ij — Ylk — Y7 of lemma 1.1.4. Both are unique up to homotopy.

K2

Lemma 1.1.12. Let a < b < ¢ < d be integers or +oo. There are commutative
diagrams, both of siz cofiber sequences:

Y — Y — vy vs v Yy
b ] ] Ll
d d c d d b
T %Yl %’1 Yf 51 11 (1.1.13)
* Yab = Yab Yrbc * Z}/bc

Proof. The left one is direct from the octahedral axiom. The right one must be
shifted one time in the horizontal direction using ¥ to have the same form as
the octahedral axiom. The maps can be seen to be the canonical one since they
are unique up to homotopy. O

15



1.2 Truncated and gathered spectral sequences

We won’t say anything on the convergence of such general spectral sequences,
other than the quotient by the limit which is necessary for weak convergence.
We will use the techniques we develop hereafter with spectral sequences that
are otherwise know to converge, e.g. Bockstein spectral sequence or Atiyah-
Hirzebruch spectral sequences.

1.2 Truncated and gathered spectral sequences

For any spectrum T, write I', = 7, (T") its homotopy groups. The tower

Y9 Y> Yo, —— .. (1.2.1)
gives a spectral sequence of the form

B): B' = P = (V%) (1.2:2)
nez

For any integers a < b, we can truncate the tower at a and b, and thus the
spectral sequence (B). Let X be the tower such that:

> ifn>b
Xpn=Y>ifn<a (1.2.3)

Y >° otherwise

with identities when necessary and maps induced by the original tower. This
defines a truncated spectral sequence:

(T B = P (Ve = (YD) (1.2.4)

a<n<b

Remark that the tower quotiented by the limit has components:

VP~ ifn>b
X =<vh ifn<a (1.2.5)
y?b otherwise.

For any strictly increasing map ¢ : Z — Z, consider the tower whose n-th
level is Y¢°(<’n) and maps the composition of the maps in the original tower. This
defines a gathered spectral sequence:

(“B): B' = PV = (V2. (1.2.6)
nez

We have choosen the term gathered by analogy with bookbinding — we are,
after all, talking about the pages of a spectral sequence. Our sequence (B) is
the book. If we let ¢ = id, then (?B) is a folio. If ¢ is the multiplication by
2, (?B) is an uncut quarto: the pages are gathered together two-by-two; the
first differential d* of (?B) contains information about the d? and d* of (B), the
second about d* and d®, etc. If ¢ is multiplication by 8, (?B) is an uncut octavo;
its d' contains information about d*, d°, d® and d” of (B). We will provide the
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1.2 Truncated and gathered spectral sequences

Figure 1.1: Example of the spectral sequence (B).

necessary paper knife to recover (B) from (?B), but we will also say how to glue
back the pages of (B) into (?B). It is left to the reader to choose a suitable name
in latin when ¢ is a more complex function.

If one wants to compute (Y>3, )., this gives two ways to do it: computing (5),

or computing each (Yﬁgﬂ))* by means of (’Tf(ggﬂ)) and thereafter computing

(?B). These two computations are not independent. Let us represent our spectral
sequences graphically with the following grading: the n in (Y;,). (the filtration
degree) is the y-coordinate, and the z-coordinate is such that * = x + y. With
such bidegree, the differentials will have |d"| = (—r — 1,7) when we let the exact
couple given by the tower of spectra be the E'! page. We will draw first quadrant
spectral sequences, but our results apply to whole plane spectral sequences.

For each of figs. 1.1 to 1.5, a e represent a copy of a field F on the E'-page,
and the " in fig. 1.5 represent n copies of F. On the fig. 1.1 we have figured 3
non-zero differentials of different size. We will choose our function ¢ : Z — Z
such that ¢(0) = 0, ¢(1) = 3 and ¢(2) = 7. Our first result is that the d* and d?
figured will respectively be seen in (73!) and (7), as seen in fig. 1.2 and fig. 1.3.
Conversely, having such differentials in (73) or (7,7) will ensure a differential in
(B). This discussion is theorem 1.2.11.

However, the differentials d* is too long and is “jumping” from the area
covered by (73) to that covered by (73), and thus is not visible in either of the
truncated spectral sequences. When computing (Yg). with (73), in the end all
the remaining classes are gathered on the y = 0 line (see fig. 1.4) to compute
this line in the E'-page of (?B).

The d* differential will be visible in (?B), as we will prove in theorem 1.2.21;
in the fig. 1.5, we see that it gives a d! between the class in (Y), represented
by its source, and the class in (Y3 ). represented by its target. It is to be noted
that differentials in (B) between the zone covered by (73) and (73) all give d*
in (?B) regardless of their original length. Generally, differentials between the

zone of (7:%:?1)) and (7:;}5?:“:;“)) will be d™ in (?B). Some regularity in the

length of the differentials in (?8) can be recovered when ¢ is linear; this is not
the case in our example, but it will be later when comparing Bockstein spectral
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1.2 Truncated and gathered spectral sequences

(yg)}; e o o o & e e e e o e o
(YS) 6 o o o o o e e e o o o @
(YP)4 o o o o o o o o Yo e o
(Yi)e o o o o o o o o o "o o

Figure 1.3: The spectral sequence (73 ) corresponding to the (B) of fig. 1.1.

Figure 1.4: The E> page of (73), isomorphic to (Y).. The lines fix the degree.

18



1.2 Truncated and gathered spectral sequences

X

Figure 1.5: The spectral sequence (?B) corresponding to the (B) of fig. 1.1.

sequences obtained by filtering with multiplication by an element and by some
power of the same element.

Finally, theorem 1.2.28 deals with the case of transferring a differential of
(?B) into (B), and theorem 1.2.35 deals with the null differentials in (B) and
(?B).

Consider an unrolled exact couple:

% i

7
s A

A,
k / (1.2.7)
E,

For r > 0, let Z" and B’ be the groups of r-cycles and of r-boundaries in E},
that is:

Zr =k Y Im(i" ™t Apyr — Angr))

B! = j(Ker(i" ' : A, = Ap_r11))-

We let E™ be the quotient Z"/B" for r > 1, and the differential d” will be a map
Er — Er ... We will write ?Z and ?B, for the r-cycles and r-boundaries in
the spectral sequence (?B) to distinguish them from those in (B).

(1.2.8)

Definition 1.2.9. Forx € E], and y € E], ., we write d"(x) = y when for some
T € Z], representing x in the quotient and some § € Z], . representing y, k(T)

can be lifted r — 1 times through i, and the image of the (r — 1)-th lift by j is g.

Let us also remark that stating y # 0 is stating that r is maximal for such
lift of k(Z).
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1.2 Truncated and gathered spectral sequences

We can visualize this in the exact couple diagram:

i %

An+r+1 n+r n+1 4> A

\/ \/

(1.2.10)

Q e b i"Ha)

e .,

Yy xT

We now describe how the differential in the spectral sequences (B), (*3) and
(7;54)(2")“)) are interlinked.

First, we see how a differential in (B) short enough to fit in (T¢("+1)) will

occur.

Theorem 1.2.11. Let n, v and N be integers such that ¢(N) <n <n+r <
AN +1), and let x € Z], and y € Z),,,. in (B).
Then there is an equivalence between these propositions:

o d'(x) =y in (B).
e d'(x)=vy in (nﬁgvjv)ﬂ)).

where x and y stand for the quotients in the respective E"-pages of the two
spectral sequences.

Proof. This is seen directly in the differential diagram after definition 1.2.9.

Remark that the cycles are not the same generally between (B) and (Tﬁ(]\],\gﬂ)),

but here we have r < ¢(N + 1) — ¢(IN) so that the r-cycles are indeed the
same. O

We then need a technical lemma to describe the longer differentials.

Lemma 1.2.12. For integers a < b < ¢, if the commutative diagram

(V) —— () ——— (Y.

lf J{e J (1.2.13)

oo 0o 1d )
V)1 o (V%) —— (V)i

can be populated with classes

I (1.2.14)

ic_b_l(ﬂ) — 6 — B
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1.2 Truncated and gathered spectral sequences

then there exists lifts
T —F—i(u) —— &
I I 1 (1.2.15)
i1(5) 4 .

Proof. The diagram of the statement is commutative because of lemma 1.1.12,
which can also be used to check that the following diagram is commutative and
has rows and column exact:

(Y59) — = (¥5°)-

|

(ch+1)* — (Yy) —r (Ybe)* — (Yifﬂ)*—l

lid . lf fd (1.2.16)

cc—b—1

) K2 o0 o
(Y)e —— (V)i —— (VX1)eo1 —— (V1)1

ic=?b Ji

(V) em1 —% (V©)uca

Here we can see that = € (Y™), can be lifted through p to (Y)¢).: indeed,
f(z) = i 1(B) so g(z) = 0, and then there exists & € (V). such that

p(@) = .
In the central square of the diagram, we have chosen two elements in (Y,>°)._1,
3 and e(), whose images by i°~*~! are equal. By pushing 3—e(%) in the bottom

square, we can see that it is in the image of e, and thus so is 8. Write 2’ such
that e(#') = B, and 2’ the image of #’ in (Y,"™). by p.

Now in the central square, i°"*~1(e(Z — #')) = 0, so that there exists u €
(Y1)« with 6(u) = e(Z — 2). But the map § factors through (Y;’). as eoi, and
i(u) € (V). has image 0 in (Y,?™), by p since u € (Y1)«

Consider the element Z — i(u) € (¥}7).:

e(z —i(u)) = e(Z) — 6(u)
=e(T) —e(x —7')
1.2.17
=e(7') ( )
p(@ —i(u)) ip(f) (1.2.18)
It remains to push Z — i(u) € (¥°), into (Y)., and we have:

x—T—ilu) —— &
l I 1 (1.2.19)

ic_b_1<ﬁ) . 6 , ﬁ
O

21



1.2 Truncated and gathered spectral sequences

We now describe how a longer differential in (B) occurs in the gathered
spectral sequence (?3). We need the following definition:

Definition 1.2.20. An infinite cycle z € (Y1), in the spectral sequence (B)
is said to represent an element & of the target group (Y°2 ). of (B) when:

e z is not a boundary, i.e. is not the target of a differential.

e x lifts through the map (Y,>°), — (Y,**1), to an element & € (Y,>°), whose
image in (Y°2). is &.

Theorem 1.2.21. Let n, m, N and M be integers such that
HN)<n<p(N+1)<op(M)<m< p(M+1) (1.2.22)

and let x € Z"" and y € Z"~" be classes in (B) such that d™ " (x) =y # 0.
Then:

e 1 is an infinite cycle in (7;?(1\1[\;“ ), thus represent a class & € (Y;((NN)H))*.

e y is an infinite cycle in (’7;4)((]3[/[“)) thus represent a class § € (Yq;%+1))*_1.

e There is a differential dM N (%) = in (?B).

Proof. We see that x and y are infinite cycles in the truncated spectral sequences
using definition 1.2.9.

The canonical maps assemble into a commutative diagram (it can be checked
that each square is commutative using lemma 1.1.12):

Y¢(N+1))

(Y,{”l)* > (Y Y¢(N+1)

: g !

(YV$1)e—1 «—— (Y¢(N+1))**1 — (Y¢(N+1))**1

T T (1.2.23)
(Yﬁzo)*—l <T (erl)*—l - (Yg(OM))*—l
(Fc e M) — )

Remark that z € (Y,"*!), and y € (Y1), _;.
Having a differential d™~"(z) = y is having a class a € (Y,2°),._1 with

(Y7T+1)*—1 — (Yrgo)*—l e (Ynoj-l)*—l — (Y#Jrl)*

(1.2.24)

Y Qb im—n—l(a) — X,

This is the left column of our diagram.

22



1.2 Truncated and gathered spectral sequences

Having y represent a class § € (Yf(%ﬂ))* in (7;?%“)) is having an element

7€ (Y#:(MH))* such that

ym+1 g — Y$(M+1) ] —— Y¢’(M+1) .
Yt ( )s—1 Yaar) e (1.2.25)

Y ty Y.

We choose y and g by pushing « in the bottom right square.
We now have populated our commutative diagram with the elements

T
Z'm—n—l(a) ,L'77L—¢(N+1)(a) im—q&(N—i—l)(a)
] I (1.2.26)
e on im= (M) (@)
y Ly (]

We use lemma 1.2.12 with a = ¢(N), b = n and ¢ = ¢(N + 1), and with
B = im= W+ (q), that is on our first two rows. We thus get lifts:

T i) —————— &

! J

Z‘mfnfl(a) ¢ szfb(N“’l)(a) —_ im*‘b(N*l)(a)

] I (1.2.27)
a Lo im= (M) (@)
y 1y Y
The right column states that d™ =V (%) = ¢ in (?B). O

The next result describes how differentials in (?B) have counterparts in (B).

Theorem 1.2.28. Let N < M be integers and let x € ¢Z%7N andy € ¢ZAA§7N
be classes in (?B) such that d™ =N (x) =y # 0. For some unique ¢(N) < n <
A(N +1) and p(M) <m < ¢(M + 1), = and y are represented by & € (Y, 1),
and § € (Y1), _1 in the spectral sequence (7;25(%“)) and (%ﬁ%ﬂ)). Let &
and y be fized.

Then there is a unique integer n’ such that ¢(N) <n <n' < ¢(N + 1), and
there is an element x' € (Y¢¢((NN)+1))* which is represented by &' € (YT?/'H)* in

the spectral sequence (7;;1)((]\[1\;“)), that supports a differential dM—N(z') = y in
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1.2 Truncated and gathered spectral sequences

(?B), and such that there is a differential d™~" (&') = § # 0 in (B). Moreover,
n' does not depend on the choice of the representative & and .

Proof. We work again in diagram (1.2.23). Remark that = € (Yf(NH))* and

(N)
that y € (Yqﬂ%ﬂ))*_l.

First fix let’s write i~ ?(V+1)(q) for the image of = in (Yt 41))—1, With
m maximal for such lift « in (Y,5°)._1. Necessarily, $(M) < m < ¢(M +1). By

definition, the image of i™~¢(™)(q) in (Y&S\%H))*,l is y up to a boundary of
‘753%71\' ; without loss of generality, we can suppose that it is y.

We can then push « to get § € (ng(M+1))*_1 and § € (V,""1),_1. By
definition, n is such that x can be lifted to (Yf(NH))* but not to (Yfflvﬂ))*.
Denote Z such a lift and & its non-zero image in (Y,**1),.

Our diagram is populated as such:

T | T x

! !

’L'm_"_l(a) ,L-m—qb(N+1)<a) im—qs(N-i-l)(a)

] I (1.2.29)
o fo im— (M) (@)
y 1y y

It is however possible that i™~"~1(«) is null. )

Let n' be the biggest integer such that ™" (a) = 0 € (Y,>°)._1. Since
i (a) = f(&), i () = 0 so n < n’. We now work in diagram (1.2.23)
with n replaced by n/: i"™~™ ~1(a) can be lifted to (Yg,/"’l)* since ™" (a) = 0.
Denote &' such a lift. Again using lemma 1.2.12 on our first two rows we can
construct classes &’ € (Yj(NH))* and =’ € (Y&%H))* to complete the diagram
and get the result. O

Remark that with this level of generality, the statement made cannot be
ameliorated regarding the fact that we may have to change Z into &’ to get the
differential in (B). In fact, let us consider the tower of spectra such that:

* ifn>3
HZ ifn=2
Y, = e (1.2.30)
* ifn=1
SHZ ifn <0

and the integer function ¢ such that:

n ifn<0
= - 1.2.31
9(n) {n+1 ifn>1. ( )

24



1.2 Truncated and gathered spectral sequences

We will figure the interesting part the tower of spectra for each spectral
sequence with the cofibers below. Remark that with (7;) we quotient the tower
by the limit which is Y5, and that we put between braces the name of a generator
for the homotopy.

Y3 Yo Y; Yy
| | |
vy Y Yy
(B) : (1.2.32)
x HZ x SHZ
| | |
HZ{j} SHZ{#'} SHZ{Z — #'}

In (B) there is a differential d(#') = 7.

v v g
Y Yy
(TE) (1.2.33)

x —— SHZ{%'} —— YHZ{z'} VEHZ{z — &'}

l l

SHZ{3'} SHZ{z — &'}

In (73) there is no non-zero differential.

Y3 Y> Yo
vy Y
(?B) : (1.2.34)
* HZ SHZ
HZ{y} YHZ{z'} vVYHZ{z — 7'}

In (?B) there are differentials d(z') = ¢, and d(Z — ') = 0. But now, with
slightly different notation from theorem 1.2.28, we have a class z = (z — Z') + 7/
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1.2 Truncated and gathered spectral sequences

such that d(Z) = 7 in (?B), and that class is represented by # — 2’ at the end of

(T¢) since &’ is of lower filtration. But in (B), d(# — ') = 0, the differential is

really supported by 2’. Thus, we cannot get a better result. However, this will

not be an issue in the practical application following, since we will be able to

prove a better result on the Bockstein spectral sequences we will compute.
Statements can also be made regarding null differentials.

Theorem 1.2.35. (a) Let x € (Yf((NN)H))* be an M — N-cycle in (?B), that is
di(z) =0 fori e {1,..., M — N}. Then any & € (Y,"™1), representing
x in (7;‘22(]\,]\;+1))* is such that d™~"(%) = 0 in (B) for any m such that
n<m<o(M+1).

(b) Let & € (Y,"*1), be an m — n-cycle in (B). Then there exists a class
S (Y&%H))* represented by T in (’7;1;(1\,]\[)“))* such that x is an M — N-

cycle in (?B) for any M such that (N +1) < (M +1) < m.

Proof. First point is direct in diagram (1.2.23).
Second point is using lemma 1.2.12 to get a class represented by & whose
image in (Y Fy))«—1 can be lifted as much as the image of & in (¥,7};).—1. O
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Chapter 2

Recovering the extensions
from the Bockstein spectral
sequences

Let k be a ring spectrum such that k, = Z[v] is a polynomial ring on some
generator v of positive even degree, and Z is a discrete valuation ring concentrated
in degree zero, with a maximum ideal (¢) and a quotient field denoted by F. Let X
be a bounded below spectrum. In this chapter, we will discuss the circumstances
under which it is possible to compute the extensions, thus computing k, X as
a k,-module, from the four Bockstein spectral sequences associated to ¢ and v
that we can construct for k.

Generally, a Bockstein spectral is determined from a ring spectrum k, an
element v of k, and any spectrum X. The usual point of view on the Bockstein
is that of a single column spectral sequence, obtained by considering the exact
sequence in homotopy associated to the cofiber sequence of the multiplication
by v map:

k,X ——— kX

\ / (2.0.1)

k/v. X

That exact couple has only the homology degree, and thus cannot be unrolled —
or is already unrolled.

We will use another point of view which will allow us to present our results
more naturally. We need to consider only ring spectra k and v € k, such that k is
bounded below and v is of non-negative degree. Hereafter, v can be substituted
with g. We will consider the spectral sequence arising from the tower of spectra

s 2k A X s BPIkA X s kA X s kA X
(2.0.2)
The transition from the multiplication by v map and the identity will be on the
piece of the tower indexed by 0, and the v map will decrease this index by 1.
When taking homotopy groups, the colimit of the tower is k, X and the limit is
null since k is bounded below; in the case of multiplication by ¢, it is null since

27



Z is a discrete valuation ring. Thus, we get a spectral sequence of the type:
E;,t =k/v; X ® P(v)r = kst X (2.0.3)

with differentials of degrees |d"| = (—r — 1,7). We see this point of view as
more convenient than the classical one, because the F°°-page will have all the
named classes needed to represent the target group, provided we can compute
the extensions.

When k, = P(v) ® A where A is a ring concentrated in degrees d such that
—|v| < d < |v|, then the multiplication by v maps will weak equivalences between
¥k and k>, and the tower will be a gathered (see chapter 1) Whitehead tower
(see chapter 3). This is true for k., since k, = P(v) ® Z and Z is concentrated
in degree 0.

Z is the homotopy ring of a ring spectrum k/v which is the cofiber of the
multiplication by v map in k. Similarly, the cofiber k/q of the multiplication by
g map has homotopy group the ring F[v]. We can go further and quotient k/v
and k/q by respectively ¢ and v to get the Eilenberg-MacLane spectrum HTF,
and we have four Bockstein spectral sequences of the form:

K/ X @ P(q) —— 22— k. X

1) (v.Z)W (2.0.4)
H.(X;F)® P(q) ® P(v) 22 ¥ /v, X ® P(v)

The names chosen reflect on which element the Bockstein spectral sequence is
computed and its rank in the computation. As in (2.0.3), the elements will have
bidegrees (0, 0) for ¢, (0, |v]) for v and (|z|,0) for any x in the specified homology
group. Examples of such spectra are ku, £ and the others integral Morava
K-theories with coefficients Z,[v,] for some n > 2. Our main example will be
ku, the p-localized connective complex K-theory, with coefficients ku. = Z,) [u]
where u is in degree 2. The application we have in mind is the computation of
THH., (ku) done in chapter 5. The four Bockstein spectral sequences for ku will
be:
(V(0) A ku) X @ P(p) —7= ku X

ﬂ W (2.0.5)

H.(X;Fp,) ® P(p) ® P(u) == H.(X;Z)) ® P(u)

We will give two sets of hypothesis under which the spectral sequences
determine the k,-module structure of the target group. The second set will be
a simplified version of the first, less general but easier check. It is in fact this
simplified hypothesis that we will use to compute THH, (ku) as a ku,-module.
We will first provide an example of how the differentials can determine the
extensions, and then an example where the spectral sequences will be shown
not to determine the target module, which will provide some motivation for the
hypothesis.

The following hypotheses and formulas are exact, but in applications, the
differentials in the spectral sequences will often only be determined up to units;
in what follows, it would mean that the 7(g%a;) might only be determined up to
a unit, or equivalently, that the formulas obtained for the extensions might only
be determined up a to a unit.
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2.2 Examples of computations

2.1 A note on extensions

We will begin by reviewing what are extension problems in spectral sequences.
Strong convergence in the sense of [12] is relative to an abelian group G, called
the target group, and a filtration --- C Fs41 C F5 C ... of G, and implies that
all the pieces EZ° of the E°°-page fit in short exact sequences

0— Fsy1 > Fs— EX —0. (2.1.1)

For our Bockstein spectral sequences (v.1) and (v.2), G is respectively k/q. X
and k, X and F; for s > 0 is the image of the multiplication by v® map in G.
For (¢.1) and (¢.2), G is respectively k/v, X and k.X and Fs for s > 0 is the
image of the multiplication by ¢° map in G. If one of the F) is known, and
the E°°-page of the spectral sequence is known, then the F; for s < r can be
determined inductively from the short exact sequences by solving the extension
problems, that is, knowing the two groups on both sides of the short exact
sequence, what group can sit in the middle? Each Fj is said to be an extension
of E° by Fs11. Since we are interested not only in the group structure but in
an R-modules (with R being here k/v., k/q. or ), such extensions are classified
by the extensions groups (see for example theorem 3.4.3 of [37])

Exth(E; Fyp1). (2.1.2)

In the case of (v.1) or (¢.1), R is F and each E° is a free F-module, thus the
Exty are trivial and Fj is simply the sum F,,; @ E> over F. The structure
of the exact couple defining our Bockstein spectral sequence ensure that the
multiplication by respectively v or ¢ on the E°°-page is the same as in the target
group, thus for (v.1) and (g.1) there is an isomorphism between the E*°-page
and the target group respectively as k/g.-modules or k/v,-modules.

There will, however, be extension problems in (v.2) and (¢.2). We will make
our statement about (v.2). In that case, R is k/v,, and each E2° is not free
but a sum of some R and R/(¢*) for various k > 1. Then the Ext} will be
a product of Fyy1/q"Fs;1 for each element R/(g*) of the initial sum. This
can be computed using proposition 3.3.4 of [37] and using the straightforward
resolution of R/(¢*) with the map ¢* : R — R. Thus when an element z € E>®
has ¢z = 0, it is possible that a lift 2’ € F, of x is such that ¢*z’ is not zero,
but is an element y € F, ;1 determined up to ¢*F, 1 by an element in the Ext,
group. Determining all these elements y is what we call solving the extension
problems. When it is the case, we will say that ¢*z makes an extension with y,
or sometimes just that there is an extension between x and y. Moreover, as in
the case of (v.1), the multiplication by v is determined by the Bockstein spectral
sequence, so solving the extension problems is the only things to do to determine
the target group as a k,-module from the E°°-page. Finally, everything we just
said about (v.2) can also be stated about (¢.2) by replacing every v’s with ¢’s
and vice versa.

2.2 Examples of computations

We will now present a basic example of extension and of the kind of reasoning we
will use later to compute them. Assume given a spectrum X such that k/v,. X
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2.2 Examples of computations

Figure 2.1: First example: the E*° page of (v.2).

Q —— ¢« —— ¢« —— e Q —— + ——  —— e

Figure 2.2: First example: two possibilities for k,.X.

is generated over k/v, by two classes a and b such that ga = 0, ¢b = 0 and
la| = |v| + |b|. Assume also that the spectral sequence (v.2) collapses at its first
page, so that £ = E' =~ F{a, b} ® P(v) as seen in fig. 2.1, where multiplication
by v is horizontal and multiplication by ¢ is vertical. From this description, we
know that k, X is generated by two classes a and b that are lifts of the classes of
the same name in £*°, and we know that qb = 0 since b is alone in its degree.
However, we do not know what qa is: it is possible that ga = 0 as it is in E°°,
or that ga = vb up to a unit, since vb is in higher filtration that a. These two
possibilities, depicted in fig. 2.2, are not presenting isomorphic k,-modules, and
we cannot distinguish between them using (v.2) alone; here we need to know
(v.1), whose E°-page is isomorphic to k/¢. X, and can be seen in fig. 2.3. If
ga = 0, then v*b is not divisible by ¢ for any k, but if ga = vb, then v¥b is
divisible by ¢ for any k > 1. In the second case, v*b = 0 in k/q. X for k > 1,
and the classes with these names in (v.1) will be in the image of the differential;
in the first case, they will not be in the image of the differential.

We will now work out a second example. Here, we began with a module
that we know is determined from the spectral sequences. We have computed
the spectral sequences from the module, but we will present the computation
beginning with the spectral sequences and deriving the module, as if we were
doing a real computation. We let X be a suitable space for what follows.

Let H.(X;F) be the free F-module on sixteen generators

a’ b7 C7 d7 a? /87 ’Y? 5’ a”? bl? Cl? d/) a/’ 18/7 ’Y’? 5/ (2'2'1)

A —— + —— « —— e Q—— + —— ¢ — e

Figure 2.3: First example: two possibilities for k/q. X.
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2.2 Examples of computations

b b ¢ dd ad ao 5§85 7y BF

Figure 2.4: Second example: the F-module H,(X;F).

Figure 2.5: Second example: the k/g.-module k/q. X.

with b in lowest degree and

lal = [b] + 3|v]
lc| = [b] + [v]
|d| = [b] + 2|v]
lal = |b] + 6]v| +1 (22.2)
18] = [b] + 9Jv] + 1
17l = b + 8v[ + 1
|0] = 1b] + 7|v| + 1
|2'| = |z| + 1 for any .
We place them in fig. 2.4 by order of degrees, to scale with |v| = 2.
We now describe the spectral sequence (v.1) that compute k/q, X:

d*(a) =v'd d*a') =v'd

d®(B3) =v%a  d*(B') = v8d

d7(6) =v"b  d7(8) =0V (223)

) )

so that k/¢, X, which is isomorphic to the E* page of (v.1), is given by fig. 2.5.
On the other side, we have the spectral sequence (g.1):

dl(as’) = qz for x equal to b, ¢, d, «, 6 and 7.
(2.2.4)
d*(2') = ¢*z for x equal to a and §.

whose E*-page, isomorphic to k/v, X, is given by fig. 2.6.
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2.2 Examples of computations

b c d a o ) vy B

Figure 2.6: Second example: the k/v.-module k/v, X.

b

Figure 2.7: Second example: the E*-page of (v.2).

Following that spectral sequence is (v.2), whose target is k., X. However, this
time the E°°-page need not be isomorphic to k., X; there may be extensions. We
begin with the differentials in (v.2):

d*(a) = v3qa
d®(0) = v°d
d*(B) = v%a (2.2.5)
d'(v) =v"c
d*(qB) = 0"

The E*°-page is given in fig. 2.7. We now have to lift the remaining class in
k.X. We do so by using definition 1.2.9. The differential d°(5) = v®d implies
that we can lift d € E> into d € k,X such that v°d = 0. Similarly, we get a
¢ € k, X such that v"c = 0. The differentials supported by 8 and g3 imply that
we can lift @ and b into ab € k, X, with v%a = 0 and v?b = 0, but because of the
linearity of the connecting map k/v, X — k,_1X, we can also take our lifts such
that qu®a = v8b. Later, we will write 7(a) = b when that kind of case occurs.
This is the only relationship given by a multiplication by ¢ that we now for sure
on our lifts at the moment; it is possible, for example, that ¢d is not zero but
is ve. The last differential allow us to lift ga € E* into gpa € k,X such that
v3goa = 0. Here, we have chosen the notation goa to emphasize the fact that we
do not know if, with the lifts chosen, ga is equal to gpa; go is not an element in
any ring, and gopa is not a product but a name for a lift in k., X of qa € k/v, X.
In fact, here, because of the relationship gv®a = v8b, ¢g cannot be equal to ga in
k. X. We write all the known properties of our lifts in fig. 2.8, where the dotted
lines indicate that we do not know the corresponding multiplication by q.

We solve the extensions problems by going from the lowest degree generator
to the highest. The class b must have ¢gb = 0 since there is no element divisible
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2.2 Examples of computations

Figure 2.8: Second example: the known relationships between the lifts.

by v in its degree. Next, gc could be zero or vb up to a unit; but if it were wvb,
then vb would be divisible by ¢, and thus project to zero in k/¢,.X; from our
previous description of k/g, X, this is not the case, so g¢ = 0. Similarly, if ¢d
were not zero, one of the classes v2b or ve would project to zero in k/q. X, but
this is impossible. So, gd = 0. Lastly, since neither vd, v?c or v3b project to zero
modulo g, it must be that ggpa = 0.

It remains to compute ga. Since gpa is a lift of ga € E°°, it must appear in
the formula. From the already known relation gv®a = v®b, v3b must also appear
in the formula. Thus, we have:

qa = qoa+ v3b+t (2.2.6)

where t is such that v5t = 0. Here, ¢ can be any linear combination nvd + vv2c.
We use k/q.X again: we know that for some y, v*d + v°y is zero modulo q.
Adding y is necessary because we only that d € k, X project to what we called
d € k/q. X up to some element divisible by v. For this to be possible, it must be
that 7 is not zero. This implies that v”b + vvS¢ is divisible by g, but v%b + vvoz
is not. But no combination of v%b and v°c has this property in k/q. X, excepted
if v = 0. So we have determined that

qa = qoa + v3b + nud. (2.2.7)

The formula still has an undetermined unit n; later, by inspecting carefully the
differentials, we will be able to determine 5. Our result is presented in fig. 2.9
Finally, we review an example where the spectral sequences do not determine
the module. After this following example, we will provide hypotheses under
which it is always possible to recover the module: the hypothesis that is not
verified in what follows is hypothesis 2.3.30 (Q,) for a; = a. We will present
two non-isomorphic k,-modules with the same four Bockstein spectral sequences.

d
We can see that in both case, there is a relationship ¢d ~ v?c since there is a
differential d*(d’) = qd in (g.1) and a differential d?(d’) = v?c in (v.1), but that

|d] < [v°*@gqal. (2.2.8)

The module M of fig. 2.10 has a presentation with five generators a, goa, b,
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2.2

Examples of computations

Figure 2.9: Second example: the k,-module k, X.

a —— -

Figure 2.10: Third example: the k,-module M; = k, X7.

Figure 2.11: Third example: the k,-module My = k, X5.
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2.2 Examples of computations

¢ and d over k, and the relations:

qa = qoa + v%b %4 =0
qqoa =0 v3goa =0
qgb=0 v3h =0 (2.2.9)
qgc=0 v2e=0
qd = v%c v3d =0.

The module M, of fig. 2.11 has a presentation with the same five generators,
but with relations:

qa = qoa + ve + v2b v0a =0
qqoa =0 v3goa =0
qgb=0 v®b =0 (2.2.10)
qgc=20 v’e=0
qd = v%c v3d = 0.

These two modules are not isomorphic, since M; has an element (namely b)
in degree |b| and an element (namely a) in degree |a| such that

v3(qa — v?b) = 0 (2.2.11)

but no elements of M5 in these degrees verify this equation. However, if we
realize M7 and My as some homologies k, X7 and k, X2, then the four Bockstein
spectral sequences associated to these spectra are isomorphic. Indeed, for X = X;
or X = X5, the module k/v,X will be the one of fig. 2.12, with generators b, a,
¢, 0, v and « over k/v, and relations

Pa=0, ¢gb=0, g¢c=0, ¢=0, ¢>vy=0, ga=0. (2.2.12)
b c a d ) Y B !

Figure 2.12: Third example: the k/v,-module k/v, X.

The non-zero differentials in the (v.2) spectral sequence are given by:

d*(0) = v3qa
d*(y) =v’d

d®(qy) = v°¢c (2.2.13)
d®(a) =%

d®(qa) = v®b



2.2 Examples of computations

a —— -

Figure 2.14: Third example: the k/g,-module k/q. X.

thus the E°°-page of (v.2) is given by fig. 2.13, and the difference between k, X3
and k, X5 is only produced by the extensions for the multiplication by g¢.

The module H,(X;F) has generators b, ¢, a, d, 6, v, a and V', ¢ o', d', &', 7/,
o' over IF, and the (g.1) spectral sequence has differentials given by d'(z’) = gz
for any x excepted a, v and a, which have d?(z') = ¢*x.

On the other side of the four spectral sequences, we have k/g.X as seen on

fig. 2.14 generated by b, V', ¢, ¢, a, o/, and d over k/q,, and with relations:
vWhb=0, %0 =0, v¥c=0, 5 =0
(2.2.14)
Wa=0, v3d =0, vid=0.

The non-zero differentials in the spectral sequence (¢.2) are given by:

d (b)) = qb

d'(c') = qc
d?(v°V) = ¢*via (2.2.15)
d*(v?d) = ¢*d

d3(d") = ¢*a
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2.3 Statements of the hypotheses and a lemma

Figure 2.15: Third example: the E*-page of (¢.2).

thus the E*-page of (¢.2) is given by fig. 2.15 and the difference between k, X3
and k, X5 is only produced by the extensions for the multiplication by v.

With the same notation as before, the (v.1) spectral has non-zero differentials
given in both cases by:

(2.2.16)

2.3 Statements of the hypotheses and a lemma

We will recover k, X when X is a bounded below spectrum from the computation
of the spectral sequences (gq.1) followed by (v.2). However the spectral sequence
(v.1) will also be used. Our first hypothesis will be used in lemma 2.3.18 and
will provide some structure to the generators of k, X that we will choose.

Recall that an infinite cycle in a spectral sequence is an element (in any page)
whose differential in any subsequent page is zero. Thus, an infinite cycle can
be projected in every page of the spectral sequence, is also an element of the
E~°-page and can be lifted in the target group, but might be zero if it is the
target of a differential.

Hypothesis 2.3.1 (R1). In any degree , the codimension over F of the subspace
of the infinite cycles
() Z5 € Ej = H.(X;F) (2.3.2)
r>1
is at most 1 in both the spectral sequences (v.1) and (q.1).
Moreover, for any degree x, there exists x € k/v, X such that every non-zero
differential going out of the bidegree (x,0) in (v.2) is of the form
d"(¢"z 4+ y) =v"a (2.3.3)

for some n, h and y such that d"(y) = 0.
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2.3 Statements of the hypotheses and a lemma

We will use the first part of the hypothesis in lemma 2.3.18 the following
way: there are two connecting homomorphism

H*(X7F) —— k/q*f\v|71
l (2.3.4)
k/’U*,l

and if we have two elements a € k/v._; and 8 € k/q._j,|—1 that we know
can both be lifted to H,(X;F), then their lifts are not infinite cycles in one of
the spectral sequences (v.1) or (g.1). Since from two hyperplanes, it is always
possible to choose a third space that is in direct sum with both hyperplanes, we
can choose a common lift for o and 8 up to a unit.

The name (R1) stands for rank 1, and is coming from the simplified version
of this hypothesis:

Hypothesis 2.3.5 (sR1). H.(X;F) is of dimension at most 1 over F in any
degree .

(sR1) is directly implying the first part of (R1), and the second part follow
from the fact that under (sR1), k/v.X is generated over Z by at most one
element in each degree.

To complete the structure of the lift of the E°°-page that we will use in k, X,
we add the following:

Hypothesis 2.3.6 (D). Assume (R1). We can choose a family (a;)icr of non-
divisible by q elements of k/v. X, such that the k/v. = Z-sub-modules of k/v.X
generated by the a; decompose k/v. X as a direct sum of summands of the type
Z or Z/(¢™) for any m, and is such that the element x of hypothesis (R1) is in
the family and carry differentials in (v.2) of the form

d"(¢"z) = v"q¢"a; (2.3.7)
for any n and h such that d"(¢"z) is not zero.

Putting it differently, we have a family of elements of k/v. X, that decompose
it in a similar manner to the decomposition of finitely generated modules over
an integral domain, such that any differential of (v.2) is between two elements of
the family. The integer n associated to k and a; will be denoted by og(a;), it is
the v-torsion order of ¢*a; in the E>-page of (v.2). When ¢*a; doesn’t receive
any differential, we will put og(a;) = 400 so that 1 < og(a;) < +oo for any k
and 1.

That hypothesis is not a consequence of (R1), as we will argue in section 2.5.
However, (D) is a consequence of (sR1), since when there is a differential
d"(g"z) = v™y, then y has a well-defined degree.

We need to state a consequence of these hypotheses to state the rest of our
hypothesis. We will make the following distinction:

Notation 2.3.8. When we lift a class ¢*a € k/v. X that survive to the E>-page
of (v.2), we will use the notation qia for the class obtained in k. X. The spectral
sequence (v.2) is a Bockstein spectral sequence associated to the multiplication
by v, and thus, the classes lifted from the E°°-page into k. X will have the same
properties for the multiplication by v in the E*°-page and in kX, but might not
have the same properties for the multiplication by q.
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2.3 Statements of the hypotheses and a lemma

The notation ¢ will be used only for the multiplication by ¢ in the spectral
sequence or for the multiplication by ¢ in k, X, which is still unknown at this
stage if we have two lifts ¢fa and qua of ¢*a and ¢*t'a, it is possible that
q-qta # qk“a The notation is analogous to our use of vy instead of p when
computing over ¢ or ku.

Proposition 2.3.9. Under (D), there are lifts q5a; € k. X of all the ¢ta; €
k/v. X that are infinite cycles in (v.2) such that:

(a) When q*a; is of v-torsion in the E>-page of (v.2), then v**(%)gka; = 0,
otherwise qé’“ai 18 mot of v-torsion either.

(b) when there are differentials
d(¢"z) = vk, and d(¢"'z) = v gla; (2.3.10)
n (v.2), then
q- (Uok(ai)flqgai) = vo@(aj)flqgaj (2.3.11)
in k. X. Note that it might be that a; = a; and £ =k + 1.

(c) when
d(¢"z) = v ke, and "o =0 (2.3.12)

n (v.2), then
q- (v =lgka) =0 (2.3.13)

i k. X.
The q(’)“ai generate k, X as a k,-module.

Proof. We work in the exact couple diagram of definition 1.2.9 for our spectral
sequence. If there is a non-zero differential d(¢"z) = vor(@i)gha;  then:

v v

kX ———— kX

\ / k. X X ‘ /k*X

k/v. X k/v. X

qha; —— o)k 50

e I

¢ a; "z

(2.3.14)
Here vok(“i)_lq(]}ai is obtained by setting vok(‘“)_lq’gai = 0(q"z); the differential
ensure that it is divisible by v°#()=1 and that j(qka;) = ¢*a;, so qfa; is a lift
of qkai.
To get the second and third points of our claim, we use the fact that the
connecting map 0 is a map of k,-module, and thus:

O w) = q- 0(¢"0) = q- v gfa; (2:3.15)

which might be the lift of another element in case (b), or zero in case (c).
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2.3 Statements of the hypotheses and a lemma

The case of the non-torsion classes remains. If qkai € k/v, X is an infinite
cycle, then d(¢Fa;) = 0 so that it lifts through j to ¢fa; € k. X. Furthermore, if
q"a; is not of v-torsion in the F>°-page, then gfa; cannot be of v-torsion in k, X,
otherwise ¢¥a; would be a boundary in some page of the spectral sequence. [

We will write 7(gfa;) = g§a; when we are in the situation of (b), and
7(gfa;) = 0 in the situation of (c), and note that when we will talk about degrees
later we will use the convention that |0] = —oco. Note that the gfa; are not a
minimal set of generators of k, X: if there is no extension to construct the target

group from the F°°-page, there should be a relation
q-qbai = g5 a;. (2.3.16)

This is possible only if 7(g¥a;) = 0 — if it is not the case, the relation of (b) is
an obstruction. In general, there should be relations of the type

q-qha; = ¢t a; + v (ghas)+17? (2.3.17)

where e is determined by homogeneity the unknown part of the formula will be
determined by the rest of the hypotheses.

We now state the following result related to the divisibility by ¢ in k, X; this
result is central to the rest of the analysis.

Lemma 2.3.18 (divisibility by q). We assume (R1). Suppose given an element
b of k. X not divisible by v such that v™b is not divisible by g but v™ b is, that
there is an element a of k. X not divisible by v such that qu™a = v™t'b. Then
the modulo q reduction of v™b is non-zero, but that of v™ b is zero, and there
is a differential d(x) = v™ b in (v.1). Moreover,

(a) if n = 0, then there is a differential d(z) = ¢**'a’ in (q.1) for some a’ €
H,.(X;F) which is the reduction of a’ € k/v,X such that ¢*a’ = a, and the
relationship qu™a = v b in k, X results from an extension in (v.2).

(b) if n >0, then x € H.(X;F) lifts to ' € k/v. X, which support a differential
in (v.2) that can be written either d(—z') = v"qa when n < m+1, d(a’) =
V™ when m +1 < n or d(z') = v™ (b — ga) when n =m + 1.

Proof. We work in the following commutative diagram of cofiber sequences
obtained from multiplication by v and ¢

Y 2HF —— %IV-% /g —— ©~'k/qg —— N 'HF

|

Y lk/v —— 2k k k/v

l (2.3.19)
Y1k /v — XUk k k/v
Y 'HF —— Xllk/q k/q HF
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2.3 Statements of the hypotheses and a lemma

that we smash with X take homotopy groups to obtain long exact sequences.
On one hand, when n = 0, we write the relationship ¢ga = v *'b in k. X in
the central square. Using exactness, there exist x and y in H,y1(X;F) such that

Y
a ——— q*a’ #0

1 I (2.3.20)
0

v —— v = ga ————

| ]

T ¢ v 0

Since from two hyperplanes, we can always choose a third subspace of dimension
1 that is in direct sum with both hyperplanes, under the first part of (R1), we
can choose x and y to be equal up to a unit, and its image through the vertical
map yield the claimed differential in (g.1).

On the other hand, when n > 1, we can start similarly from the central
square with a supplemental lift

vl —m v

!

™D pmtlp = qvna (2321)

l ]

r—— V"0 # O —— 0
and so starting to push from the top left corner we get

" g — v"a

!

g ta —— v b = qua
0

and subtracting the bottom part of the two diagrams

(2.3.22)

' — v™b— g g ——

1 I i (2.3.23)

T ¢+ v™b

which gives the claimed differentials depending on the highest filtration degree
in v™b — qv" la. O

The cases that will be particularly of interest to us will be (a) (n = 0) and
(b) with n < m + 1, since we are interested in the extensions, and in that case
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2.3 Statements of the hypotheses and a lemma

the class multiplied by ¢ must be in lower filtration than the class receiving
the multiplication. Thus, when a class becomes divisible by ¢ because of an
extension, it is always possible to determine from the spectral sequence the name
of a class that will represent the quotient with this lemma, that is, to determines
a from b.

To keep track of the possible extensions that would make a class a; divisible
by ¢, we introduce the following relation on the first page of the spectral
sequence (v.2): when in the (a) case of lemma 2.3.18, precisely when there
are differentials d(z) = v™*lq; in (v.1) and d(z) = ¢**la; in (¢.1), we will
write ¢**1a; £ v™*la;; when in the (b) case of lemma 2.3.18, that is there are
differentials d(z) = v 1a; in (v.1) and d(—z) = v"¢*a; in (v.2) with n < m+1,
we will write v"¢"a; 2 v™tla,;. That relation 2 lift as an equality in k, X if we
allow the classes on the left and right side to be replaced by classes represented
by the same name in (v.2), that is we can add some v*c with w > n on the left
side and some v ¢ with w’ > m + 1 on the left side. We will be more interested
in the converse: when the spectral sequences do not witness a relation g, then
no such equality can hold in k,X. We also remark that under (R1) and (D),

d
when y ~ v™*1a; then the name y is unique, since (D) results in unicity on the

lift 2" in the (b) case of lemma 2.3.18.
We will now state our last two hypotheses: (T;) is related to the length of
the tower for the multiplication by v for some a;, and (Q,) will prevent some

divisibility by ¢ to occur using i statements. These hypotheses depend on i
and are not stated for all a;. For the a; such that (T;) and (Q,) hold, we will be
able to compute the extensions. It might be the case that our target module
can be split into M7 & M, where the hypothesis holds on M7 but not on May;
for THH. (ku) the splitting is between the torsion and the non-torsion, and we
will recover the extensions on the torsion using the techniques of this chapter,
but the extensions on the non-torsion will be computed by other means.

Hypothesis 2.3.24 (T;). For each k, when 7(gka;) = qla;, with i # j and a;
might be taken to be 0, the followings are true:

(a) If € is such that
lag| < lag|

|ag| = |ai| (mod [v]) (2.3.25)
[0 ay| > Jay]

then
|,Uog(az)ae| > |U0k(ai)qgai|~ (2326)

(b) If £, and Ly are both such that (for £ = {1 or £ ={3)
laj| < lag| <ai
|ae| = |a;| (mod [v]) (2.3.27)

|U0k+1(ai)q§+lai| < |?]00(a2)a4| < |U0k(ai)q§ai|

then
lag,| < |ag,| = [0 @2 ay,| < [v20@a)q, |, (2.3.28)
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2.3 Statements of the hypotheses and a lemma

When a; = 0, we recall that we use the convention |0| = —oco. If qé“ai 18 not of
v-torsion, we will let |v°* @) gka;| be +o0o and for the purpose of (2.3.28), we
will assume that the relation +00 < +00 is false.

This hypothesis state nothing when 7(qka;) = qgﬂai.

az —— -
h
qpaz —
as —— -
Ay —— -
k+1 . .
9y a1 —
k
qpar — -

Figure 2.16: Structure of k. X under (Ty).

We illustrate hypothesis (T;) with fig. 2.16, where multiplication by ¢ is
denoted by going up and multiplication by v by going right (thus the horizontal
axis denote the degree). In that example we have 7(g§a1) = gllaa, so the only
multiplication by ¢ denoted is the one we already know about, that is the one
at the end of the v-tower of gfa; according to proposition 2.3.9. All the other
formulas for multiplying by ¢ are unknown, so we depict nothing. The part (a)
of hypothesis (T;) state that since as is of degree lower than as, its v-tower must
finish after those of ¢fas and ¢fa;. Remark that if ay = 0, then that first part
is not constraining anything. The part (b) of the hypothesis state the v-tower of
a4 and as must end in the reverse order compared to the degrees of a4 and as.

Under (T;), we can thus order the ay of part (b) of the hypothesis by the
degree at which their v-tower ends. We will use the following notation:

Notation 2.3.29. Let gfa; bet such that m(qha;) = qlla; with i # j (but a;
might be 0), and let b’f’i, ...bE be the classes ap verifying (2.3.27), ordered by
increasing degree of v°0(@)q,.

It is possible, when |b§’i = |b§_ﬁ1|, that |v°0(b£’l)b§’i| = |v0°(blxl)b§_’:l|, and in
that case the ordering between the two classes can be chosen either ways. We
are in the situation of fig. 2.17

ki
bn

lk,i
2
lk,i
1
k+1 . .
qO a; —

k
ahai — -

Figure 2.17:  Ordering above g5a; under (T;).
Remark that (2.3.28) when gfa; is not of v-torsion implies that there can be

at most one other ay with |as| = |a;| (mod |v|). This is a drastic condition on
the periodic classes, but it is necessary for our purpose.

43



2.4 Computing the module k, X under the hypothesis

Hypothesis 2.3.30 (Q;). Let g¥a; be such that m(qgka;) = qla; with i # j (a;
might be 0).

If it exists, let {1 be such that there is a relation vos+1(ai)gh+1

d ki
a; ~ v'bel’l,

ki - d .
and then inductively let £;41 be such that there is a 0% )bZ?l ~ v'blzjfil. We
thus have an eventually empty subsequence 1 < 1 < --- < {; < --- <n. The
hypothesis state the following:

d .
For all 1 < ¢ < n there is no relation y ~ U'bf” with
ly| < [vorrr(@)gh g, (2.3.31)
d .
For any j and € such that £; < £ < n, there is no relation y ~ v'bf’l with
k,i .
lahail < ly| < o™ 0f ). (2.3.32)

This will ensure that the bif’i that will appear in the formula for q - ¢§a; are
correctly detected by the differentials, by not being divisible by ¢ before they
can be detected.

The simplified version of hypothesis (T;) and (Q;) will be that there are no
classes blg’i:

Hypothesis 2.3.33 (sT;). For each k, when m(q5a;) = qba;, withi # j and a;
might be taken to be 0, and for each £ # j such that

|ae| = |a;| (mod [v])
(2.3.34)
[ a| > |ay).
then
|ag| < laj]
(2.3.35)

|UOO(a£)aé‘ > |Uok(ai)qé"ai|'

That simplified hypothesis (sT;) can then be seen to imply both (T;) and
(Q,). Lastly, for J a subset of the indices of the family (a;), we will write (T ;)
for the hypothesis (T;) holds for all i € J and similarly (Q;) and (sT).

2.4 Computing the module k, X under the hypoth-
esis

In this section, we will see how we can recover k, X as a k,-module from the
spectral sequences when under the hypothesis (R1), (D), (T;) and (Q;), which
are stated only using the spectral sequences. The same results can be obtained
using the simplified hypothesis (sR1) and (sT;), since they imply the previous
one.

Theorem 2.4.1. Let I be the set of indices appearing in the lifts of proposi-
tion 2.5.9.

Under the hypothesis (R1), (D), (T;) and (Q;), we can choose the lifts qfa;
of proposition 2.3.9 such that k. X is presented as a ki-module by the qlgai and
the relations:
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2.4 Computing the module k, X under the hypothesis

° Uok(ai)qé’ai =0.

b, _ k+1 ko — k1
® q-qsa; =q; ' a; whenever m(q5a;) = qg " Q.

e otherwise

n
q-qra; =v*m(qha;) + Z Bé”v'bf’z (2.4.2)

=1
where the o are simply determined to make the formula homogeneous in
degree, the bif’z are those of 2.3.29 and the ,Bém are in F with the {1, la, ...

such that BZZ # 0 are determined by the existence of a relation

Uok+1(ai)qk+1ai é ’U.bZi (2.4.3)

and then inductively by the existence of

k,i . .
o ey (2.4.4)
Proof. We will prove the formulas by considering the lifts ¢§a; and ordering
them by increasing |a;| and increasing k. Fix some i € I. Let us denote by J
the set of indices j such that |a;| < |a;|. Assume that our results is established
for all q('faj with j € J and any h, and for all ¢}a; such that h < k. If there is
some i’ # i such that |a;/| = |a;|, can consider them in either order.

First consider the case where 7(gka;) = qé”'lai. The convergence of the
spectral sequence (v.2) implies that

q-g6ai = g5 ai+ Y ajutq"ia; (2.4.5)
jedJ

with the e determined only by homogeneity. Thus, by proposition 2.3.9,

Uok(a'i)_l . Zajv.thaj = 0 (246)
jeJ

and we can simply change our lift qé““ai to be

el =g ta; + Z av*q"ia; (2.4.7)
jed
to get the formula claimed. The lift q§+1ai and q{f“a; of ¢t a; have the exact
same property with regard to proposition 2.3.9, so we can continue our induction.
The second case is where our hypothesis are really used. Assume now that
n(qka;) = qbay for some £ # i or that 7(gfa;) = 0. We can write a similar
formula:

k+1

q-qgai =g i +vm(gfa) + > ayutgMay (2.4.8)
JEJIN{L}

and the sum is still null before the end of the v-tower of ¢¥a;

Uok(ai)_l . Z O[jU.thaj =0. (249)
jeI\{£}
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2.4 Computing the module k, X under the hypothesis

We can eliminate all the j with h; > 1 of the formula by changing our lift qka;
into
qal = qfa; — Z av*q" (2.4.10)
FEIN{E}, hy>1

which once again have the same property from proposition 2.3.9. More generally
we can eliminate the a; that becomes divisible by ¢ in a degree less than |q§al|
by also subtracting them. We can eliminate the aJ whose v-tower ends before
the degree |v°k+1(al)qk+la | by adding them to q0 La;, which also conserves all
the relevant properties. Thus, from the hypothesis (T;), we can assume without
loss of generality that only the b’g’i relative to q’gai appear in the sum. We then
have:

q-qha; = ¢t a; + v (ghay) —I—Zﬁ“ by (2.4.11)

and we only need to determine which ﬁz " are zero or a unit.
The formula implies that

q- v @dgka, — v (gha;) + Z b’f’iv'bf’i. (2.4.12)
=1

From our previous construction and hypothesis (Q;), the sum on the right-hand
side of the equation becomes divisible by ¢ in the degree of the equation, and
by lemma lemma 2.3.18 this will be visible in the differentials. However, we
now need to prove some reciprocal to that lemma. In a first time, assume that
or+1(a;) > 0. We work again in the diagram (2.3.19) of the proof of lemma 2.3.18.
Let the ¢; be defined as in the statement of our result. The element

v0k+1(ai)_1q§+1ai =q- pOr+1(ai)—1 q a; — v qoaZ Zﬁ? i 'blc K (2.4.13)

d .
of k, X has a null multiplication by v, and the relation v+ (@) gh+1g, ~ v'b?l”

implies that its image in k/q. X is represented by bk’i Since by (Q;), bk’i cannot

be divisible by q up to that degree, ¢1 must be the first index of the sum with a

non-zero 5@ We determine the rest of the formula with the same argument
ki X

O & vt
In a second time, assume that ox11(a;) = 0, that is to say qé“ai = 0. The

element

applied to the relations v

m(qkay) +Zﬁ’” phi (2.4.14)

in degree x = |g¥a;| — |v| of k., X cannot be divisible by ¢ because of (Q;), but
its multiplication by v is divisible by ¢, the dividend being q’gai. Thus again the

d
element of lowest filtration of the sum must appear in a ~ relation, and it must
be b )% O

Remark that if we otherwise know that k,X is split as M; & My as a
k,-module, and that only M verify the hypothesis, the formulas given will be
internal to M, which is then entirely determined as a k,-module.
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2.5 The hypothesis (D) is not a consequence of (R1)

2.5 The hypothesis (D) is not a consequence of
(R1)

In this section we will see why, as stated earlier, the hypothesis (D) is not a
consequence of (R1), and how this hypothesis can otherwise be reasoned about
in terms of linear algebra on matrices. We begin by providing a k/v.-module
that verify (R1) but not (D). Our example has four generators over k/v,, named
a, b, r and y, and has relations:

?a=0
2
b=10
1 . (2.5.1)
gz =
qy = 0.

Assume that the (v.2) spectral sequence from this module has non-zero differen-
tials given by:
d'(z) = vqa

d*(y) = v*(a — gb).

This verifies (R1), but we cannot change the generator x and y other than
up to a unit since they are alone in their respective degree, and we cannot
change the generators a and b to make the formulas respect (D). We can take a
supplementary subspace (generated by = and y) of the infinite cycles (generated
by a and b) and write the differentials as

(2.5.2)

q 1
0 ¢

(2.5.3)

in the basis (a,b) for the rows and (z,y) for the columns. This matrix cannot
be diagonalized by using only operations on the rows (this represents changing
the chosen generators a and b for the infinite cycles), and the operations on the
columns of the form C; + C; + aC; for some i < j (this represents the fact that
after each differential we have quotiented the cycles by some boundaries). Thus,
(D) cannot hold in that case.

47



Chapter 3

Isomorphisms between
Whitehead, Postnikov and
Atiyah-Hirzebruch spectral
sequences

In this chapter, we give explicit isomorphisms between the spectral sequences
coming from a Whitehead tower, a Postnikov tower and the Atiyah-Hirzebruch
spectral sequence constructed from a skeletal filtration. These results are well
known, and a proof for the cohomological case can be found in [25] and the
appendix of [21]; however the author is not aware of them having a proof written
down in the homological case.

We will work in the category of S-modules; all the proof in this chapter shall
work in the homotopy category of any reasonable category of spectra. Let X
and Y be spectra: Y will be our homology theory, and we want to compute
Y. X. First we will compare the spectral sequence coming from the Whitehead
tower of Y to that coming from the Postnikov tower of Y. Then, X will need to
have a CW structure (e.g. X is a CW-complex, a CW-R-module, ...); we will
compare the Whitehead spectral sequences to the Atiyah-Hirzebruch spectral
sequence defined by the CW structure on X.

3.1 Whitehead and Postnikov spectral sequences

A Whitehead tower for Y will be a tower of spectra Y=, for n € Z with cofibers:

P an-l-l an YZn—l —_— ...
l l l (3.1.1)
Y HY, Y"HY, SlHY,

such that each Y>,, is (n — 1)-connected, Y is the colimit of the Y>,,, each map
Ys, — Y>,_1 is an isomorphism on homotopy group in degrees greater or equal
to n, and HY,, is the Eilenberg-MacLane spectra associated to the group m,(Y).
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3.2 Whitehead and Atiyah-Hirzebruch spectral sequences

A Postnikov tower for Y will be a tower of spectra Y., for n € Z with
cofibers:

—— Yennt Yeu Y1 — ...
l l J (3.1.2)
SR2HY, SnHHY, SMHY,

such that each Y., is n-truncated, Y is the limit of the Y.,,, each map Y.,,4+1 —
Y., is an isomorphism on homotopy group in degrees lesser than n, and HY,, is
the Eilenberg-MacLane spectra associated to the group m,(Y).

By smashing with X for the Whitehead tower, and desuspending one time
the Postnikov tower then smashing with X, we get two spectral sequences with

By = Tprg(X ABIHYY) = Hy(X:Yy). (3.1.3)

However, one would be computing its colimit and the other its limit. We already
have the tool to compare them in the form of proposition 1.1.8. We just need to
ensure that in our category of spectra, we can construct the Whitehead tower
and the Postnikov tower of Y such that there are cofiber sequences:

Y - Y., = XY>, (3.1.4)

for each n. The Whitehead tower is then the quotient of the Postnikov tower by
its colimit.

Proposition 3.1.5. With the hypothesis above, the first, non-derived exact
couples defined by the Whitehead tower and the Postnikov tower are isomorphic.

3.2 Whitehead and Atiyah-Hirzebruch spectral
sequences

To define the Atiyah-Hirzebruch spectral sequence, we need X to have a CW
structure, which for us will imply that is there is a tower with cofibers:

L— X(P*l) X(p) X(p+1) —_ .
l J l (3.2.1)
\/ ogp—1 V SP \/ Sptl

such that X ~ x whenever p < 0, the cofibers are wedges of spheres of
dimension p. Let (A, D) then be the exact couple obtained by smashing with
Y and taking the homotopy:

A;tla,q = 7TP+q(X(p) A Y)

D}, =mprq(\/ S AY).

We need also that in the derived exact couple (A2, D?) the wanted homology
appears:

(3.2.2)

A?Lq = m(”pﬂ((X(p_l) ANY) — 7Tp+q(X(p) AY))
D? = H,(X;Y,).

p,q

(3.2.3)
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3.2 Whitehead and Atiyah-Hirzebruch spectral sequences

This will be the case for example for a CW-R-module or a CW-complex. This
spectral sequence will converge to m.(X AY) under the right conditions — for X
a CW-R-module, it might be that R is a connective cofibrant commutative S-
algebra, and the spectral sequence will be strongly convergent. We suppose from
this point that our construction gives a strongly convergent Atiyah-Hirzebruch
spectral sequence.

Let us also explicit the exact couple (W?2, E?) for the Whitehead spectral
sequence. What was the first page in the previous section is now the second for

convenience. )
Wp,q = 7TP+Q(X A YZQ)

E2 = Tprg(X ASIHY,) = Hy(X;Yy).

Theorem 3.2.5. The exact couples (A%, D?) and (W?, E?) are isomorphic, and
thus define isomorphic spectral sequences.

(3.2.4)

The rest of the chapter will be a proof of this theorem. We will introduce a
third, intermediary exact couple (B!, F'!), where

B,y = mpig(XW A Yzg) (3.2.6)

and its derived couple (B?, F?). We will see how (B!, F'!) is isomorphic to
(A, D1), thus all their derived couples are also isomorphic, and then how
(B2, F?) is isomorphic to (W2, E?), yielding our theorem by composition.

The bidegrees of the maps in the exact couples are as follows:

iGN FrECDENYT

A7 NP7 (3.2.7)
D! D2

N
. 2& /)0) (3.2.8)

We are looking to construct a morphism of exact couples with E2 — D? of

bidegree (0,0), so it must be that the map W? — A? have bidegree (1,—1).

Remark also that the differentials d” in both sequences have bidegrees (—r,r —1).
We will need the following lemma:

Lemma 3.2.9. e The map m. (X AYs,) = m(XP) AYs, 1) is an iso-
morphism when x > p + q and is injective when x =p+q — 1.

o The map 7. (XP) AYs,) = m(XPTY AYs,) is an isomorphism when
x* <p+q—1 and is surjective when x = p + q.

e The map m. (XPIAYs,) = m (XP)AY) is an isomorphism when x > p+q
and is injective when x =p+q — 1.

o The map . (XPIAYs,) — 7. (XAYs,) is an isomorphism when * < p+q—1
and is surjective when * = p + q.
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3.2 Whitehead and Atiyah-Hirzebruch spectral sequences

Proof. The third and fourth claims follow easily from respectively the first and
second one.

To prove the first claim, let us consider the Atiyah-Hirzebruch spectral
sequences computing 7, (X® AYs,) and 7, (X® AYs, 1) - the Whitehead-
Postnikov spectral sequences would also work here. It follows from the hypothesis
on X that the homology groups H, (X (®). Y,) are concentrated in degrees between
0 and p. The E? pages are then as follows:

° ° . ° ° ]

l

° ° ° ° ° ¢

) |

. ° ° ° o ;

|

q e --—® -0 - @-——@-——%

I * =p+

qg—1l¢---0o---0----6---06---0---9 pa

l

|

Each e is a group that is in both spectral sequences. Each o is a group that
is only in the spectral sequence computing 7, (X ®) A Y>q-1). The differentials
having source or target above or on the line * = p+ ¢ can be seen to be the same
in both sequences. Thus, the E* pages are isomorphic in this zone, and the part
about isomorphism in our claim follows. On the line below, * = p 4+ g — 1, the
differentials are again the same, but there can be a non-zero group in bidegree
(p,q — 1), and we can only get an injection. Remark that no result of this sort
can be stated for all the lines * < p+ ¢ — 1, since in that zone there might be
differentials with source one the horizontal ¢ — 1 line.

To get the second claim, we proceed similarly with the spectral sequences
computing 7, (X® AYs,) and 7, (X®+) AYS,). The E? pages are as follows:

° ° 'y ° ° ] o
| |
. ° ° ) ° ° o
| |
° ° ° ° ‘o ; q‘>
l l
. | |
q P S-S
e AL
I i
| |
| |
| |
p p+1

o1



3.2 Whitehead and Atiyah-Hirzebruch spectral sequences

We get isomorphisms for * < p+ ¢ — 1, a surjection for * = p + ¢ since there
can be differentials of source in bidegree (p + 1, ¢), and nothing can be said of
*>p4q. O

We will construct a third exact couple that we will use to compare the two
already defined. For any integers p and g, let F, , be the fiber of the map
X®) A Ys, — X @) A Y>4—1. The groups for our exact couples will be:

le),q = 7Tp+q(X(p) NY>q)
Fy .= Tptq(Fp,g)-

p.q

(3.2.10)

The maps will not be the one induced by the long exact sequence in homotopy of
the fiber sequence. We will define them in the commutative diagram of fig. 3.1,
with rows exact — the first two rows are to be ignored for the moment; the maps
for the exact couple are going from the bottom left (sixth row) to the middle
right (third row), and the bend arrow is simply the composition of the maps in
the commutative square it crosses. The decorations of the arrows (isomorphisms
and injections) are coming from lemma 3.2.9, except for the middle injection
which come from half a five lemma.

The decorations are enough to check that we have indeed defined a long exact
sequence, and thus an exact couple. The bidegrees in the exact couple and in
the first derived exact couple are as follows:

(1)71)

pt &Y g B2 B2
(3.2.11)
(0,0) /(—1,0> (07)\ /(—2,1)
Pl F?

Proposition 3.2.12. The ezact couples (A, D) and (B!, F') are isomorphic.

Proof. This can be seen in fig. 3.1, this time paying attention to the whole
diagram. Once again, the isomorphisms come from lemma 3.2.9, except for the
middle one which is the five lemma. O

The second part of our proof is to use the map X® — X to compare the
first derived exact couple (B?, F?) with the Whitehead exact couple (W?, E?).

Proposition 3.2.13. For all p and q, there are isomorphisms Bz2)+1,q71 ~ W2

p.q
that commutes with the exact couples maps:
2 2
Wi > Woiig1
4 o) :T (3.2.14)
Bliig-1 — Bpiag2
Proof. There is a commutative diagram:
Tptq(X A Y>gq)
7Tp+q(X(p) NYzq) — 7Tp+q(X(p+1) AYzq) (3.2.15)

\ \[

7Tp+q(X(p+1) ANY>q-1)
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3.2

g
|
Aam\ﬂ< Q+&vmv@+uk — ?.Iwmxw< Evk«vi.ak - ?._.gy&.vu._.ak PRy S ?N\w< :.T&NVTT?EK - ?+@N\w< EVXVTII.QK
[
(T"<x v %évafé — ("xv aﬁkvié e (") [ (VPR (4 X) T —— (L (g X)) T
| :
TSJ@% _ ?wm _ =

2

~ ~

(AV (4a) X)L ———— (AV @X) "% ¢ (A V 132aS N) L —— (AV (1) X) T2 —— (L V (@) X) T

_br4d bd be4d ber+d [4bd
- 4 a 4 4

‘o[dnoo joexa PIIY) 9y} JO UOTUYS(] :T'¢ omSBIq
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3.2 Whitehead and Atiyah-Hirzebruch spectral sequences

so that there are two isomorphisms:

W g = Tprq(X NY>g)

p,q

Im(mp4q(X P A Yogq) = pag (XPH A Y>,)) (3.2.16)

E

B121+1,<1—1 = Im(ﬂ'p+q(X(p) AY>q) = 7Tp+q(X(p+l) AY>q-1))

which we compose to get the isomorphism claimed. The compatibility with the
exact couples maps come from the commutative diagram:

Tptg(X AYzg) ————— mpg(X AY>g1)

l |

Tprq(XPTD AYsg) —— 1 (XPHD AV o) (3.2.17)

| l

Tpta(XPTDAY> 1) —— T (XPFD A Y>40)

of which we considered restriction to images to get our isomorphisms. O

From the bidegree of our maps, we need to construct an isomorphism F? — E?
of bidegree (1,0) to complete our isomorphism between the exact couples.

Proposition 3.2.18. For all p and q, there are isomorphisms FE = E§+17q
that, together with the isomorphisms of the previous proposition, assemble into
an isomorphism of exact couples between (B?, F?) and (W?, E?).

Proof. Let us first remark that simply having maps Fgﬁ — Ef, 1,0 Which
together with the previous isomorphisms define a morphism of exact couple,
would be sufficient for these maps to be isomorphism by the five lemma. The
commutative diagram of fig. 3.2 allow us to construct such a map; it has rows
exact, and the arrows are decorated according to lemma 3.2.9 and the five lemma.
We will define an application f from Ker(d' : F}, — F) | ) to EZ,, |
first. Let x € Ker(F,, — F, ) (start chasing in F1 near the middle of
the diagram), and let its image in 7y ,(X® A Y5,) be denoted by y. By
pushing y into the bottom portion of the diagram, we see that y can be lifted
to Tp1q(X® AYs,41), which imply that 2 can be lifted to ' € T4 o(Fp.gr1);
such lift is unique, and its image =" € E7,,, , allow us to define f(z) = 2".
Next we have to prove that Im/(d? Fpﬂ_1 ¢ F1 4) C Ker f in order for our
application f to be well-defined on the homology, that is on Fj 2 . Let a € F} p+lq
— we begin our chase on the bottom left — and let b € 7rp+q+1(X(p+ ) AYs,) be
its image; b can be pushed all the way up to mp+q+1(X AY>,), and following
the other path using the big curved arrow, we see that its image must be 0 in
Tp+q+1(X AY>,). In order to do so, it is useful to remark that the two path
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3.2
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3.2 Whitehead and Atiyah-Hirzebruch spectral sequences

taken, when the isomorphism are inverted, lie in a commutative square:

Tpagr1(XPTDAYs ) —— T i1 (XPTD AY3,)
lid l (3.2.19)

Tprgr1 (XPTDAY> ) —— T (XPH2 A Y>g1)

Then we see that f(d'(a)) = 0, since to compute f we need the lift of d*(a) to
Tp+q(Fp,g+1), and b gives us such a lift whose image in Ef,ﬂyq must be zero.
Thus, we have constructed an application as claimed.

To check commutativity, we work in the same diagram. We need to check
that the following is commutative:

Bzzv+27q—1 Fz?,q Bzth
lg if JZ (3.2.20)

2 2 2
Wp+1,q Ep+17q Wpfl,qul

F? s a quotient of a subgroup of F} s B2, | = Im(mpiq1(XPTIAY>) —
Tprqr 1 (XPTDAYS, 1) (below F} , in the diagram) and the isomorphism with
Wp2 11,4 18 constructed using the injection and the big curved arrow; similarly,
B2, = Im(mpsq(XP U AY>g41) = Tpig(XP AYs,) and the isomorphism with
W1 441 1s constructed using the injection and isomorphism in the column on
the right of F;},q' This part of the diagram is sufficient to check that we indeed

have commutativity as claimed. O
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Part 11

Topological Hochschild
Homology of ku and the
Bokstedt trace map
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Chapter 4

Topological Hochschild
homology

In this chapter, we will define topological Hochschild homology and some of the
tools, mostly spectral sequences, that we will later use in our computation.

The spectral sequence that appears with the first definition of Topological
Hochschild homology by Bokstedt in [13] is of the following type:

HH,(H.(R;F,)) = H,(THH(R);F,) (4.0.1)

where R is a ring spectrum and H H, is the Hochschild homology. Both the
source and the target of the spectral sequence can be seen to have the structure
of a comodule over the dual Steenrod algebra and the structure of a commutative
H,(R;TF,)-algebra, and the spectral sequence is compatible with these structures
(see for example [3]), and this was used to compute THH, (Z,) and THH,(F))
in [13].

The existence of an algebra structure on THH(R) allows the construction of
various Bockstein spectral sequences associated to the multiplication by some
element of the algebra; as we studied in chapter 2, the exact couple of a Bockstein
spectral sequence is obtained from the cofiber sequence of the multiplication by
the chosen element. The Bokstedt spectral sequence can also be extended to
compute other homology theories in situation where a Kiinneth formula holds; in
[28], this is used to compute the first periodic Morava K-theory K (1), THH(().
That computation is extended to ku in [5] and this result is the basis to the
computation of V(0), THH(ku) via the Bockstein spectral sequence for the
multiplication by wu.

Although multiple Bockstein spectral sequences can be constructed from an
algebra, they must all compute the same thing. That fact yields a computation
of THH, (¢) in [2| by making the Bockstein spectral sequences for multiplication
by p and u compete. We will extend their result to THH, (ku) and study some
part of the computation with greater generality.

The spectral sequence of Brun compute THH of a ring A with coefficients
in an A-algebra B from THH of B with coefficients in a generalized Tor group
in the sense of [20]. In [14], that spectral sequence is introduced to compute
THH,(Z/p™). Modern categories of spectra allow us to express this spectral
sequence as an Atiyah-Hirzebruch spectral sequence, as done in [23] to compute
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4.1 Simplicial spectra and their realization

V(1) THH(ku) and V(0), THH(K (F,);Z,). Switching the ring with the coeffi-
cients often yield a smaller object to compute; moreover, this can be repeated
multiple times, and when the Tor groups is simple enough, the Brun spectral
sequence will also be a Bockstein spectral sequence. Part of our computation of
THH, (ku) will use these facts.

Other techniques to compute THH include the use of results relating THH
of a Thom spectrum T'(f) with a product of Thom spectra constructed from
a map f classifying a spherical fibration. This can be seen in [9] or [10] to be
able to compute THH(HZ), THH(HF,) or THH(MU) since these spectra can
be described as Thom spectra.

We work in the category Mp of R-modules of [20], from which most of our
definitions will come.

4.1 Simplicial spectra and their realization

Let A be the simplex category, whose object are the ordered sets of integers
[n] ={0,...,n} and morphisms are the order preserving maps.

Definition 4.1.1. A simplicial R-module is a functor F : AP — Mpg.
For such a functor, its geometric realization, denoted |F|, is the coend

A
/ FA(A+ (4.1.2)

that is the coend of the functor AP x A — Mg that sends (n,m) to F(n)A(An)+,
where A4 is the topological simplex, viewed as a functor A — Top.

Similarly, a simplicial based space is a functor F' : A°P? — Top,, and its
geometric realization |F| is the coend of the functor F' A (Aq)4.

The geometric realization, as a coend, is in fact a coequalizer, and thus will
commute with colimits. Other useful properties of the geometric realization are:

Proposition 4.1.3 (X.1.3 of [20]). o For a simplicial based space X,, there
18 a natural isomorphism

N°|X,| 2 [ X,]. (4.1.4)

e For a simplicial based space Xo and a simplicial spectrum Y,, a simplicial R-
module Yo A Xo can be obtained by composing the diagonal A°P — A°P x A°P
with the functor AP x AP — Mpg sending (n, m) to Y, A X,, and there
s a natural isomorphism

[Yo A Xo| 2 |Yo| A | Xl (4.1.5)

e For two simplicial spectra Yo and Z,, again using the diagonal structure,
there is a natural isomorphism

Yo A Zo| 22 [Yo| A |Za]. (4.1.6)

A useful example of simplicial R-module is given by the bar construction:
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4.2 Simplicial definition of THH and consequences

Definition 4.1.7 (IV.7.2 of [20]). For an S-algebra R, a right R-module M and
a left R-module N, the bar construction of (M, R, N) is the simplicial S-module
Be(M, R, N) whose n-th simplicial level is

Bn(M,R,N)=MAR" AN (4.1.8)

whose i-th face map is multiplication on the i-th A, and whose i-th degeneracy
map is given by adding an R between the i-th R and the (i + 1)-th R via the unit
S — R.

Denote by B(M, R, N) the realization |Be(M, R, N)|.

Proposition 4.1.9 (IV.7.5 of [20]). For M a cell R-module and N any R-module,
there is a natural weak equivalence

B(M,R,N)~ M Ag N. (4.1.10)

If R is commutative, A is an R-algebra and M and N are right and left
A-modules, one can also form the bar construction BE(M, A, N) by replacing
all the smash products by smash products over R. In that case:

Proposition 4.1.11 (X.1.2 and XII.1.2 of [20]). There is a natural weak equiv-
alence B(A,A,N) ~ N.

The next section will also define topological Hochschild homology as a
simplicial spectrum.

4.2 Simplicial definition of THH and consequences

Let R be a cofibrant commutative S-algebra; A be a cofibrant R-algebra; M be
an (A, A)-bimodule. Let

¢p:ANpA—Aandn:R— A (4.2.1)
be the multiplication and unit of A. Let
& ANgM - Mand & : MARA— M (4.2.2)
be the left and right action of A on M. Let
T:MAR AN AR A— ANg M Ag AN? (4.2.3)

be the map cyclically permuting the factors. Here and after all the smash
products are over R.

Definition 4.2.4 (IX.2.1 of [20]). The topological Hochschild homology of A
with coefficients in M is the realization, denoted THHR(A; M), of the simplicial
R-module THHR(A; M)o whose n-th simplicial level is given by

THH®(A; M),, = M A A (4.2.5)
with i-th face map given by & Aid™ ' if i = 0, id Aid"™ L A ¢ Add? L if

0<i<mn, (§Aid" Y or ifi =n; and with i-th degeneracy map given by
idNidi Anp Addr L.
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4.2 Simplicial definition of THH and consequences

This construction is also called the cyclic bar construction; we will use it
again in chapter 7 and write it as BY(A; M).

When working over R = S, we will drop the ® from the notation. When
M = A, we will write THH?(A) = THH"(A; A). When A is commutative,
topological Hochschild homology has the following structure:

Proposition 4.2.6 (IX.2.2 of [20]). Let A be a commutative R-algebra. Then
THHR(A) s naturally a commutative A-algebra with unit map the inclusion of
the 0-th simplicial level A — THHR(A); THH®(A; M) is o« THH?(A)-module.

From the cited properties of the geometric realization with respect to the
smash product, and by seeing M as a constant simplicial spectrum, one can see
that:

Proposition 4.2.7. When A is commutative and M is a symmetric (A, A)-
bimodule, there is a natural isomorphism of simplicial R-modules

M A, THHR(A), = THHE(A; M), (4.2.8)
and thus a natural isomorphism of R-modules
M A, THHE(A) = THHE(A; M). (4.2.9)

We will use this mostly with the fact that for the Smith-Toda complex V'(0)
(the modulo p sphere), we have V(0) A HZ 2 V(0) A HZ, = HF,, so

V(0) A THH(A; HZ) = V(0) A THH(A; HZ,) = THH(A; HF,).  (4.2.10)

The simplicial construction of THH can also be linked with the bar con-
struction. For an R-algebra A, let A = A Agr A°P be the enveloping algebra
of A, where A°P is the R-algebra obtained by composing the multiplication
ANR A — A of A with the map permuting the two factors AN A — A A A.

Proposition 4.2.11 (IX.2.4 and IX.2.5 of [20]). There is a natural isomorphism
THH"(A; M) = M Age BE(A, A, A) (4.2.12)
that gives a natural weak equivalence
THH?(A; M) ~ M Aae A (4.2.13)
when M is a cell A°-module.

Proof. On the n-th simplicial level, by seeing M as a constant simplicial spectrum,
here are natural isomorphism

M AR A™N 22 M Age (A Ag ANY) 2 M Age (AAR AN AR A) (4.2.14)

and the simplicial maps can be seen to be that of B*(A, A, A) on the right. The
properties of the geometric realization yield the result.

The weak equivalence comes from proposition I11.3.8 of [20] and the weak
equivalence B (A, A, A) ~ A. O

Thus, we could have defined THHR(A; M) as the derived smash product
M A%, A, which is the second definition proposed in [20].
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4.3 Spectral sequences computing THH

4.3 Spectral sequences computing THH

The original result of Brun was the following;:

Theorem 4.3.1 (Brun). When R — A is a ring homomorphism between
(discrete) commutative rings, there is a multiplicative spectral sequence:

E? . = THH, (HA; H Tor}l (A, A)) = THH(HR; HA). (4.3.2)
That result was generalized by Honing in [23]

Theorem 4.3.3 (1.1 of [23]). Let A be a cofibrant commutative S-algebra and B
be a connective cofibrant commutative A-algebra. Let E be an S-ring spectrum.
Then there is a multiplicative spectral sequence of the form

E? . =THH,(B;HE, (B As B)) = E}

n+m

(THH(A; B)). (4.3.4)
The lemma below is in important step to the previous theorem.

Lemma 4.3.5 (4.8 of [23]). Let S — A — B be cofibration of commutative
S-algebras. Then we have an isomorphism of A®-ring spectra

THH(A; B) = (B Aa B) NS B. (4.3.6)

The theorem then comes from constructing a multiplicative Atiyah-Hirzebruch
spectral sequence with the skeletal filtration on a CW model of B, and rewriting
the E? page using the lemma again with the arising Eilenberg-MacLane spectra.
The Atiyah-Hirzebruch spectral sequence is the following:

Theorem 4.3.7 (IV.3.7 of [20]). Let R be a connective cofibrant commutative
S-algebra. Let M be a connective R-module and let G be an arbitrary R-module.
Then, we have a strongly convergent spectral sequence of the form

(HG)EM = GEM. (4.3.8)
These spectral sequences enjoys multiplicative property:

Lemma 4.3.9 (3.17 of [23]). Let R be a connective cofibrant commutative
S-algebra. Let M, N and L be connective R-modules and let G be a cell R-
module. Let py EY ,, NES, and LE} , be the Atiyah-Hirzebruch spectral sequences
computing the G homology of M, N and L. Then maps G ANk G — G and
M AE N — L in the derived category of R-module induce a pairing of spectral
sequences

ME; @ NE;, — LEL, (4.3.10)

that converge to the products
(G AN M) @ 7, (G AN N) — 7. (G AL L. (4.3.11)

There is also another spectral sequence we will use to compute topological
Hochschild homology:
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4.4 Smashing localizations and THH

Proposition 4.3.12 (Lemma 2.2 and corollary 2.3 of [2]). Suppose R — Q
is a map of S-algebras and M is a (Q, R)-bimodule, given an (R, R)-bimodule
structure by pullback. Then there is a weak equivalence

THH(R; M) ~ M A5 per @ (4.3.13)
and thus a Kiinneth spectral sequence
Tor®: ™" (M., Q.) = THH,(R; M). (4.3.14)

The last spectral sequence we will use in our computation is the Bockstein
spectral sequence, studied already in chapter 2. We will now specify our definition
in the context if topological Hochschild homology.

Assume that A and M are R-algebra, that A is commutative, that M is
a connective, symmetric (A, A)-bimodule and that there is a map of (A, A)-
bimodule m : ¥*"M — M for some n > 0, which factorizes through a weak
equivalence "M =~ M, with the nth Whitehead section. Let M/m be the
cofiber

"M —"— M —— M/m. (4.3.15)

We can define an exact couple from the tower of spectra with cofibers

JUENNNILCENEN, 3> 1))/ ENSCIUEEN, 3.y V/ N V]

l i i (4.3.16)

¥2n M /m S"M/m M/m

after smashing it with A4 THH(A). We prove in chapter 3 that these king of
Whitehead spectral sequence is in fact an Atiyah-Hirzebruch spectral sequence,
thus we can use theorem 4.3.7 and lemma 4.3.9 to get:

Proposition 4.3.17 (Bockstein spectral sequence). Under the hypotheses of
the paragraph above, when THH(A; M/m) is connective, we have a strongly
convergent spectral sequence

THH, (A; M/m) & P(m) = THH, (4; M). (4.3.18)

Here, the map m need not be a multiplication; the P(m) represent the
different copies of THH, (A; M/m) of the first page of the spectral sequence.
Moreover, if M is and A-algebra, and M/m can also be realized as an A-algebra,
then that spectral sequence is a spectral sequence of algebras.

4.4 Smashing localizations and THH

Let R be a cofibrant commutative S-algebra; A be a cofibrant R-algebra and M
be an (A, A)-bimodule. Let E be a cell R-module. We will study the Bousfield
localization at E, whose definition and useful properties can be found in chapter
VIII of [20]. We suppose that the Bousfield localization at E of R-module is
smashing, that is the localization of any R-module X, denoted Xpg, can be
realized as Rg Ar X where Rg is the Bousfield localization of R at E. Precisely,
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4.4 Smashing localizations and THH

we can construct Rg to be an R-algebra and the localization map A : R - Rg
to be an algebra map. Then the localization map of A

/\ZAéR/\RAM)RE/\RA (441)
can be seen to be an R-algebra map, where the multiplication on Rg Ag A is
RE/\RA/\RRE/\RAiMdRE/\RRE/\RA/\RA&RE/\RA (4.4.2)

where 7 switch the two factors and p are the multiplications. Similarly, Bg can
be given both an (A, A)-bimodule such that A is an (A4, A)-bimodule map, and
an (Ag, Ag)-bimodule structure.

Proposition 4.4.3. If the condition above are meet, then there is an isomorphism
THH?(A; B)p = THH"(A; Bg) (4.4.4)

and a weak equivalences
THH"®(A; Bp) ~ THH®(Ap; Bg). (4.4.5)

Proof. THHR(A; B)Eg can be seen to be the realization of the simplicial object

RpArTHH®(A; B),, which is also THH?(A; Bg),. This yields the isomorphism.
The map A : Rg — Rg Ar Rg as defined above is an F-equivalence between

E-local R-modules, and thus a weak equivalence. Define a simplicial map

THH"(A; Bp)e — THH®(Ap; Bp). (4.4.6)

such that on the n-th simplicial level we have:

Bg AR AN = Rg Ar B AR AN
Rg Ar R Ap B Ap AN
lid/\)\"/\id (4.4.7)
Rg AR Rgn Ar B AR AN
Rg AR B AR (RE AR A)/\" = Bg AR A/E\vn
Each of these maps is a weak equivalence, so by taking a suitable cellular

replacement and by theorem X.1.2 of [20], we get a weak equivalence between
the realizations. O
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Chapter 5

Topological Hochschild
homology of ku

In this chapter, we will compute THH, (ku). The spectral sequences used in this
computation are summed up in table 5.1 on the next page.

We first give a computation of THH, (ku; HZ) using the Brun spectral
sequence and some knowledge of the modulo 2 homotopy of that spectrum
in section 5.2. Then the Bockstein spectral sequence (¢), computing THH, (¢),
is known from [2]. We review this result in section 5.3. In order to lift this
computation to the Bockstein spectral sequence (u), computing THH, (ku), one
must find another way to compare the sequences than the map induced by the
inclusion ¢ — ku, since vy € THHy,_1(¢; HZ,) should be compared to u?~?cu
which is not a class in THHg,_1 (ku; Z,,). A solution is to consider the cofiber of
the multiplication by vy:

Y2y —2 ku —— ku/v;. (5.0.1)

We will have to work p-locally for an odd prime p, and we will see that
uP~?ou is indeed a class of THHg,_ 1 (ku; ku/v;), that we compute in section 5.5
using a comparison between the Brun spectral sequences (¢7) and (urp) and
the truncated Bockstein spectral sequence (ur) — which has fewer classes and is
easier to track.

The techniques we developed in chapter 1 can then be used to determine
the u-Bockstein spectral sequence for ku, which is done in section 5.6. We can
compare the v;-Bockstein spectral sequences (£) and (v;), and the Bockstein
spectral sequence (u) can be recovered from the truncated Bockstein spectral
sequence (ur) and the reindexed Bockstein spectral sequence (v1).

Lastly, the extensions can be computed with the results of chapter 2 from the
structure of the Bockstein spectral sequence (u), thus determining THH, (ku) as
ku.-module.

Our g-cofibrant commutative S-algebra model for the connective complex
K-theory spectrum ku will be the one of theorem VII.4.3 of [20]; notwithstanding,
the E structure on ku can be seen to be unique (see [8]). In section 5.2 we
will use this integral model for ku, but beginning with section 5.3 ku will denote
p-localized connective complex K-theory and ¢ its Adams summand, unless
otherwise stated. We obtain an S-algebra structure on the localization using
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Table 5.1: Table of the spectral sequences used.

Name Type

El

n,m

Target

THHn(HZ(p); H(HZ(p) Ne HZ(p))m)

(Ez) Brun B THH* (6, HZ(p))
=~ THH,, (HZ(p)) & E(O”Ul)m
(£) Bockstein THH,, (¢; HZp)) @ P(v1)m THH.,.(¢)
V(0),, THH (ku; HZ ())& P(w),,
(uy) | Bockstein ©) (u ) ) V(0),. THH(ku)

=~ (E(O’U,)\l) ® P(Ml))n®P(u)m

Truncated V(0), THH(ku; HZ(,)) @ P,_ "
(uyT) o Q) (s ) ~ p=1 () V(0). THH(ku; ku/vq)
Bockstein = (E(ou, M) ® P(11))n ® Pp—1(W)m
Truncated THH,, (ku; HZ (1)) & Py (W)
(wp) | e ks HE)) © By () THH., (ku; ku/v1)
Bockstein | 2 (THH, (HZ,)) ® E(ou))n ® Pp_1(t)m
THH,, (ku/v1; H(ku/v1 Agy ku/v1)m)
(urp) Brun & (THH, (HZ,)) ® E(ou) ® T(pu))y, THH, (ku; ku/vy)

®(E(ov1) @ Ppo1())m

(L) | Bockstein THH,, (£; HZ,)) ® (01,07 m THH, (¢; L)
(v1) | Bockstein THH,, (ku; ku/v1) @ P(v1)m THH, (ku)
(u) Bockstein THH,, (ku; HZ ) @ P(u)m THH, (ku)

|tkp| = (2kp — 1,0), k > 1 the generators of THH.(HZ,))

‘O"Ul|

= (0,2]7_ 1)

lv1| = (0,2(p — 1))

lou| = (3,0)

(M| =(2p—1,0)
1| = (2p,0)

lul = (0,2)

[pu| = (2p,0)

On the left side of the ®, the generators have bidegrees lying on the horizontal
axis; on the right, on the vertical axis.
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5.1 The periodic case

the result on Bousfield localization stated in proposition VIIL.1.8 of [20]. Our
S-algebra model for the quotient of ku by v; will be

ku/vl = ku Ny HZ(p) (502)

which is also a g-cofibrant commutative S-algebra by remark VII.6.8 of [20].

5.1 The periodic case

The spectra ku and ¢ are the connective cover of the spectra KU and L, the
(periodic) p-completed complex K-theory spectrum and its (periodic) Adams
summand. Since we already defined the connective version, we will consider
KU and L to be the spectra obtained by inverting the Bott element or v; and
then p-completing. Inverting these elements is a smashing localization as stated
in before theorem VIII.4.3 of [20]. This can also be seen to be the localization
of ku and ¢ at the Johnson-Wilson spectrum FE(1). In either case, they have
the structure of S-algebras. Moreover, what we proved earlier about smashing
localization and THH applies.

The homotopy type of p-completed topological Hochschild homology of L
was computed in [28] (theorem 8.1):

THH(L), ~ (L V $Lg), (5.1.1)

where the subscript p denotes p-completion and the subscript Q denotes ratio-
nalization. The argument was extended in [5] (proposition 7.13) to a compatible
splitting with KU:

THH(KU), ~ (KU vV ZKUg),. (5.1.2)

This periodic result allow us to prove the following important lemma on the
structure of the connective case:

Lemma 5.1.3. In THH.(ku), and for any p prime, the p-torsion elements
and the u-torsion elements are the same. Here, the subscript (p) denotes p-
localization.

Proof. We will work with the following commutative diagram where the maps
are formally inverting the elements given:

THH. (ku)(p) - THH.. (ku)(p) [ufl]

Jb l (5.1.4)

THH. (ku) () [p~'] —%= THH, (ku)py[p~", v

The kernel of a is the u-torsion elements, the kernel of b is the p-torsion elements.
To prove our claim, we only have to prove that ¢ and d are monomorphisms.

In each degree, THH, (ku) ) will be a p-local finitely generated abelian group;
this can be seen from the E'-page of the Bockstein spectral sequence (u). Thus,
from the structure theorem of finitely generated abelian groups, we can see that
to check if a map is a monomorphism, it is sufficient to check if the induced map
on p-completion is a monomorphism.
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5.2 Topological Hochschild homology of ku with coefficients in HZ

THH, (ku),)[p~'] is the rationalization THH., (ku)g, which can be computed
using the Kiinneth spectral sequence:

Tor®4"(E, A, E,M) = E, THHE(4; M). (5.1.5)
Here, E = HQ, A= M = ku and R is the sphere spectrum, and we have:
Torkue-®kues Ly kug,) = THH, (ku)g. (5.1.6)
kug. has a resolution as a kug. ® kug«-module given by
0 < kugs < kugs ® kug. {1} < kugs ® kugs{ou} <0 (5.1.7)

with d(ou) = 1 ® u — u ® 1, thus the spectral sequence collapses at the E2-page
with
THH, (ku)g = kug. ® E(ou) (5.1.8)

and |ou| = 3. This is sufficient to see that the map d from the initial diagram is
a monomorphism, and that

THH, (ku),)[p ", v '] =2 KUg, ® E(ou). (5.1.9)

On the other side, inverting u is a smashing localization (see lemma V.1.15
of [20]), so that our proposition 4.4.3 yields a weak equivalence

THH*(k:u)(p) [u_l] ~ THH*(KU)(p). (5.1.10)

The previous result on p-completed THH(KU) and equation (5.1.9) allow us to
conclude that c is also a monomorphism. O

5.2 Topological Hochschild homology of ku with
coefficients in HZ

In this section, we compute THH, (ku; HZ) using the Brun spectral sequence:
E? = THH,(HZ; Hry(HZ New HZ)) = THH, 4 (ku; HZ) (uz)
whose differentials are of the form:

T . Id T
dp-,q : Eth - Ep—hq+r—1‘

(5.2.1)
The Kiinneth spectral sequence can be used to compute the coefficients.

Proposition 5.2.2.
T (HZ N HZ) =2 E(ou) (5.2.3)

an exterior algebra over Z on the generator ou of degree 3.

Proof. Z has a resolution as a free ku,-module given by E(ou), with cu of
bidegree (1,2) and d(ou) = u, so that Tor’,fjfj (Z,7) = E(ou). Then the Kiinneth
spectral sequence

B}, = Torg (Z,Z) = mp1q(HZ Ao HZ) (5.2.4)

collapses for bidegree reasons with no extensions possible. O
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5.2 Topological Hochschild homology of ku with coefficients in HZ

The E? page of our Brun spectral sequence will then be two copies of
THH,(HZ; HZ) = THH,.(HZ), which was computed by Bokstedt in [13]:
Z ifk=0
THHy(HZ) =X 0 if k> 2is even (5.2.5)
Z/n fk=2n-12>2.

Let p, be a generator of the Z/n in degree 2n — 1.
The spectral sequence then begin with:

B , = THH,(HZ) ® E(ou),. (5.2.6)

For bidegree reason, the only possible non-zero differentials are the d* between
tnto and oufly,.

q
ou [O"LLMQ] [auugj [O"LL,U/4} [O'U/J,g,] [O"U,,U,6<
d4
1 H2 13 Ha Hs @-———»p

Figure 5.1: E* page of the Brun spectral sequence for THH., (ku, HZ).

Proposition 5.2.7. Let n > 2. When n is odd, d*(u,+2) = 0. When n is even,
d*(fin12) can only be 0 or 50Uy, up to a unit.

Proof. 42 must be sent to an element of order dividing n 4 2 in the copy of
Z/n generated by oup,. But two consecutive odd integers are coprime, so that
d*(ttn+2) = 0 when n is odd. The greatest common divisor of two consecutive
even integers is 2, so that d*(ty42) = 0 or d*(ptn12) = Zoup, whenniseven. [

We will see that that even differentials are indeed all non-zero by computing
the modulo 2 homotopy of THH, (ku; HZ). Let V(0) be the Moore spectrum
for multiplication by 2. There is a Brun spectral sequence:

E2 = THH,(HZ; H(V(0)q(HZ N HZ))) = V(0)p+q(THH(ku; HZ)). (5.2.8)

The Kiinneth spectral sequence, as in the integral case, can be used to

compute:
’ V(0).(HZ Npw HZ) = E(ou) (5.2.9)

an exterior algebra over Fy on one generator ou of degree 3. We need to know
THH, (HZ;Fy) 2 V(0). THH(HZ):

Proposition 5.2.10.
V(0), THH(HZ) = E(\1) ® P(u1) (5.2.11)

over Fy, where |\1| = 3 and |u1| = 4.
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5.2 Topological Hochschild homology of ku with coefficients in HZ

Proof. We can use the same method as theorem 5.7 of [5] for p=2. V(0) A
THH(HZ) is an HFy-module, thus the Hurewicz homomorphism

V(0), THH(HZ) — H.(V(0) A THH(HZ); Fy) (5.2.12)

is an injection with image the A,-comodule primitives, A, being the dual
Steenrod algebra. From theorem 5.12 of [3],

H,(THH(HZ);F,) = H,(HZ;F2) @ E(c€2) @ P(c&y) (5.2.13)
and then
H,(V(0) N\THH(HZ);Fy) = A, @ E(0€?) ® P(0&,). (5.2.14)

The primitives classes can be seen to be generated by o&? and oy — & 062,
and we denote their preimages respectively A\; and p;. O

We also evaluate V(0), THH(ku; HZ) non-multiplicatively using the spectral
sequence from proposition 4.3.12:

Tor!”; (F:F2) (Fy, Fy) = THH, (ku; HF»). (5.2.15)
We know H., (ku;Fs), see for example proposition 5.3 of [3]:
H,(ku;Fy) = P(£2,62, &,k > 3) (5.2.16)

thus
Tor ;%) (Fy, Fy) 2 E(0€}, 083,08,k > 3) (5.2.17)

with bidegrees |0€2| = (1,2), |0€3| = (1,6) and |0&| = (1,2 — 1). The
spectral sequence collapses for bidegree reasons, and we now know the order of
V(0). THH(ku; HZ) in each degree. In particular, V(0)s THH(ku; HZ) = 5.

Proposition 5.2.18. In the Brun spectral sequence
E(ou,\1) @ P(u1) = V(0). THH(ku; HZ) (5.2.19)
the differentials are given by
d*(pk) = ouph =1 for k> 1 odd
d*(u¥) =0 for k>0 even (5.2.20)
d*(A\) =0
up to multiplication by units.

Proof. A1 of bidegree (3,0) is an infinite cycle. It also cannot be in the image
of a differential. The other generator ou of bidegree (0,3) must then vanish for
V(0)3s THH(ku; HZ) to be of dimension 1 over Fo. Since it is also an infinite
cycle, it must be the target of a differential, which can only be d*(u1) = ou up
to a unit. The rest of the result is obtained multiplicatively. O

This is sufficient to compute the integral case.
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5.2 Topological Hochschild homology of ku with coefficients in HZ

Proposition 5.2.21. In the Brun spectral sequence
THH.(HZ) ® E(ou) = THH, (ku; HZ) (5.2.22)

the differentials are zero except for

n
d* (finy2) = 5 0Ubn (5.2.23)

up to a unit when n > 2 is even. There is one non-trivial extension given by
2ug = ou. (5.2.24)

Proof. By inspecting the long exact sequence in homotopy given by the cofiber
sequence

THH(HZ) EECIN THH(HZ) —— V(0) A THH(HZ) (5.2.25)
we can choose generator such that

f: THH,(HZ) — V(0), THH(HZ)

_ 5.2.26
o m———— )\mlf ! ( )

au + au

and
g9:V(0), THH(HZ) —— THH._1(HZ)

pf kpiok (5.2.27)

oupk s koupop,.

This also yield morphisms between the integral and mod 2 Brun spectral se-
quences. Depending on the parity of k&, we use one of these maps to conclude. If
k is even, then
Fd(par)) = d*(Aapy™") = oudyph (5.2.28)
so that
d*(par) = cupiog_2 (5.2.29)

up to a unit, and k — 1 is a unit. When £ is odd,

d (uz) = 9(@* (1§)) = glowpt™) = (k — Doupiay_s. (5.2.30)

These are the formulas we claimed.

Since ou is a boundary in the mod 2 spectral sequence, between the E*°
pages we have f(ou) = 0. Moreover, since ou is in the lowest filtration possible,
this cannot be because of a shift of filtration, so that ocu must be divisible by 2
in THH;3(ku; HZ). The only possibility is the extension claimed. There can be
no other extensions for degree reasons. O

The result of this section can now be stated from the previous description of
the spectral sequence.
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5.3 Topological Hochschild homology of ¢

Proposition 5.2.31.

THH, (ku; HZ) 2Z{1, po} & @ Z/p{tn, oupn}e
n>3 odd

) Z/(n/Q){2/~an oupin}

n>4 even

(5.2.32)

where |un| = 2n — 1 and the name of the generators have been chosen to reflect
the multiplicative relations between them, with ou = 2us.

5.3 Topological Hochschild homology of ¢

In this section, we will review the results of [2] on THH, (¢). The results, relative
to any prime p, will be stated about the following spectral sequences:

THH., (HZ(p); H(HZ(p) Ny HZ(p))*) =~ THH, (HZ(p)) ® E(O’Ul)
= THH, (¢; HZ,)) (lz)
THH. (¢; HZ ) @ P(v1) = THH.(£). ()
The spectral sequence (fz) is a Brun spectral sequence; (¢) is a Bockstein
spectral sequence. We chose to name the written pages as the E'! pages, so that
the differentials have bidegrees |d"| = (—r — 1,7). We have the bidegrees
|pp| = (2kp —1,0), k& > 1 the generators of THH. (HZ,))
lovi| = (0,2p — 1) (5.3.1)
lvi] = (0,2(p — 1)).
When we will deem it necessary, for formulas in some discrete R-algebra A,
we will use z - y for the R-action of z € R on y € A, and zy for the product

of z, y € A. From [2], proposition 3.4, which compute THH, (¢; HZ)) we can
deduce:

Proposition 5.3.2. All the differentials in (¢z) are given by the formulas:

P (pgyp) = 27 - oo g (5.3.3)

up to a unit where k > 1 and v is the p-adic valuation.
There is an extension given by pu, = ov;.

(¢) is also computed in [2]. We will use the following notations:

THH. (¢; HZ(,)) = Z) {1, 1y} & P Z/pu(k){%/ikp» OV flkp }- (5.3.4)
k>2

Here from the Brun spectral sequence ({z) we have ov1 = p - pp, and vofigp is a
class represented by p- py,. As in [2], we differentiate between the multiplication
by p in the previous spectral sequence (¢z), denoted by vy, and multiplication by
p in the current spectral sequence (¢), denoted by p. This is the same distinction
we made in chapter 2 between ¢ and qg: p denote the multiplication by p € Z in
a Z-module, and vy will be used to name classes that are lifts of classes in the
image of the multiplication by p.
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5.4 Review of the modulo p results

Theorem 5.3.5 (Theorem 6.4 of [2]). The differentials in (£) are given by the
formula:

n e 1 cee
" o) = kP T P ou i B> 0, n >0 (5.3.6)
up to a unit and linearity with respect to multiplication by vy.

There are extensions at the end of this spectral sequence. We now state the
result with our notations:

Theorem 5.3.7 (different results in sections 6.2 and 6.3 of [2]). THH,(¢) is a
quotient of the Z,)-module

P(v) ® (Z(p){l, ov1, Vg ppntr, 1> 0}
@ P(vo) ®@ Zpy{oviptapn, n > 2, a > 1, a not divisible by p}) (5.3.8)
by the relations:
® D lp =0V1.
® DU fipni1 = vfnvg_llupn for anyn > 1.
n—h— n—h—
o v} e et VoV fiapn = 0 for any h, a and n, a not divisible
by p.

. Ug_lovl,uapn =0 for any a and n, a not divisible by p.

pn_,’_pn—l_‘__“_,'_p I/(b)
1 Yo

® D OV fh(bptp—1)pr = VOOV1(bptp—1)pn + VU ovL fppntr for

any b > 1 and any n.

o P VLoV pgpn = vg"'lovlpapn for any a, n and h > 1 or h =0 not in the
previous case.

5.4 Review of the modulo p results

From here, and for the next sections of this chapter related to THH(ku), p is an
odd prime. Remark that for p = 2, ku = ¢ so that the results of the previous
section about THH(¢) are results about THH(ku). The following Bockstein
spectral sequence relative to the modulo p reduction of THH, (ku) are known.

V(0). THH(ku; HZ ) ® P(u) = E(ou, A1) ® P(u1) ® P(u)

= V(0). THH(ku) (uy)
V(0). THH(ku; HZ(,)) @ Pp—1(u) = E(ou, A1) ® P(u1) @ Pp_1(u)
= V(0), THH(ku; ku/v1). (uyT)

Once again, these are the E' pages, with |d"| = (—r — 1,7), and:

lou| = (3,0)

M| = (2p—1,0) 5.41)
|u1| = (2p,0) -
lu| = (0,2).
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5.5 Computation of THH, (ku; ku/v;)

From theorem 1.2.11, we know that (uy) determine (uyr) entirely: the
differentials in (uy7) are those of (uy) that are small enough to fit.

The spectral sequence (uy ) is known from [5]. We will now describe it.

For n € Z, let a(n) and b(n) be the integers

0 ifn< -1
a(n) =< p" T —pr+pnTt — 4 pP—p ifn>1isodd (5.4.2)
prtt—prpn Tt — 4+ pd—pP4+p—2 ifn>0iseven.

0 ifn<1
b(n) = qp"t—pn 2+ . +p*—p ifn>3isodd (5.4.3)
ptt—pt 24 4+p—1 if n > 2 is even.

Proposition 5.4.4. In (uy), the differentials are determined by multiplicativity
by the equations:

n “(")Uu,ub(n) n even
Ao (") =" L 5.4.5
(:U’l ) {ua(n))\lﬂl{(n) n odd. ( )

For n > 1, a(n) > p — 1 so that (uyr) only see the first differentials with
n=0:
Proposition 5.4.6. All the differentials in (uy) are given by the formulas:
2 pE) = hur =2 (5.4.7)

where e € {0,1} and k > 1.

5.5 Computation of THH, (ku; ku/v;)

We will now compute THH, (ku; ku/v1) using both a Brun spectral sequence and
a Bockstein spectral sequence. We first state results that allow us to compute
the first page of the Brun spectral sequences.

Lemma 5.5.1. (a) (ku/vi Apu ku/vi)s =2 Ppo1(u) ® E(ovi) over Zg, with
lu| =2 and |ov1| = 2p — 1.

(b) V(0)s(ku/vi Agy kujvi) = Pp_1(u) ® E(ov1) over Fp, with |u| = 2 and
lovi| =2p — 1.

(¢) THH.(ku/vi; HZ ) = THH. (HZ ) )@ E(ou)@T (eu) over Z,y with |ou| =
3 and |pu| = 2p.

(d) THH, (ku/vi; HF,) = V(0), THH(HZ ) ® E(ou) @ I'(pu) over F, with
lou| = 3 and |pu| = 2p.

Proof. The Kiinneth spectral sequence computing (ku/vy Ay, ku/vq). has E?
page Tor! () (P,_1 (u), Py—1(u)) = Pp_1(u)@E(ovy) with [u| = (0,2) and |ov;| =
(1,2p — 2). For degree reasons, the spectral sequence collapse with no possible
extensions, yielding the result. The V(0) result follows from the absence of
p-torsion.

74



5.5 Computation of THH, (ku; ku/v;)

We use the Brun spectral sequence to compute THH., (ku/v1; HZy)) and
THH, (ku/vi; HF):

THH., (HZ(p), H(HZ(p) Nk /v, HZ(p))*) = THH, (ku/v1; HZ(p)) (5.5.2)

THH. (HF,; H(HF, Agyjo, HFp).) = THH, (ku/vi; HE,). (5.5.3)

The Kiinneth spectral sequence computing (HZ(p) Nku o HZ(p))* has E? page
Tor 7 (Z), L)) 2 B(ow) @ T(pu) with |ou| = (1,2) and |pu| = (2,2p — 2).
The indecomposables are ou and the divided power 7,:pu. For degree reasons,
they cannot support non-zero differentials, so the spectral sequence collapse with
no possible extensions, and we have (HZp) Ay /v, HZp))« = E(ou) @ T'(pu). A
similar argument yields (HF, Agy/p, HFp). = E(ou) @ I'(pu), this time over F),.

Getting back to the Brun spectral sequences, when looking at the degrees
modulo 2p, we see that the indecomposables also cannot support non-zero
differentials in both the integral and V(0) case, so that the two spectral sequences
collapse. The modulo p E*° page has exactly the right rank over I, to fit into a
long exact sequence of the multiplication by p for the integral E*° page. Having
an extension in the integral spectral sequence would then mean that there is a
non-zero differential in the modulo p one. We conclude that there is no extension
in the integral spectral sequence, and there can also be none in the modulo p
one. O

Thus, we can write the following two spectral sequences computing THH of
ku with coefficients in ku/v;:

THH. (ku; HZ()) @ Pp—1(u) = THH.(HZ,)) @ E(ou) @ P,—1(u)
= THH, (ku; ku/vy) (ur)
THH., (ku/v1; H(ku/v1 Agy kw/v1)y)
= THH. (HZ,)) ® E(ou) @ I'(pu) @ E(ov1) ® Pp_1(u)
= THH, (ku; ku/v1). (urgp)
(5.5.4)

Here (ur) is a truncated Bockstein spectral sequence, and (urp) is a Brun
spectral sequence, and

lou| = (3,0)

pul = (2p,0)

|tkp| = (2kp —1,0), k& > 1 the generators of THH. (HZ,)) (5.5.5)
|ul = (0,2)

lovi| = (0,2p — 1).

For the following lemma, we will briefly use the non-truncated u-Bockstein
spectral sequence (u) computing THH, (ku) that we will study in the next section.
It links the class ov; of THH.({) to a class of THH, (ku). Another incomplete
point of view on this result can be found in section 5.8.

Lemma 5.5.6. The map THH, (¢) - THH. (ku) sends ovi to a non-zero class
represented up to a unit by uP~2ou in the Bockstein spectral sequence computing
THH, (ku).
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5.5 Computation of THH, (ku; ku/v;)

Proof. Since L is the (smashing) localization of £ at the Johnson-Wilson spectrum
E(1), we can conclude from proposition 4.4.3 that there is a weak equivalence

THH(L) ~ THH(¢; L). (5.5.7)
Similarly, there is a weak equivalence
THH(KU) ~ THH(ku; KU). (5.5.8)
THH(4; L) can be computed using a periodic Bockstein spectral sequence
THH, (¢; HZ ) @ P(v1,v; ') = THH,(¢; L) (L)

which is entirely determined by the map (¢) — (L). In particular, we can see
that ov; is a generator over Q and Po(vy,v; ") of the summand YLg in the
splitting

THH(L), ~ (L V SLg),. (5.5.9)

Since the splitting on THH(L) and THH(KU) are compatible, it must be
that ov; € THHy,_1(¢) is sent to a non-zero class in THHg, 1 (ku). There is
also a relation pp, = ovy, so that the only possibility is that the image of ov; in
THHy, 1 (ku) is represented by uP~2c to get both the extension with pu, and
the splitting of THH(KU). O

Since £/v; is just HZ,), we have a morphism between the Brun spectral
sequences (¢z) — (urp) induced by i : £ — ku. This allows us to prove:

Proposition 5.5.10. In (urp), there are differentials

&P~ (yppu) = uPPouny 1 pu (5.5.11)
up to a unit for all k > 1.
Proof. In the following commutative diagram:

THH({) ——— THH(ku)

lf lf (5.5.12)
THH((; HZ ) —— THH(ku; ku/v;)

we have up to units, using lemma 5.5.6
fli(ovy)) = f(uP20u) = uP~2 f(ou) = i(f(ovy)) = i(ovy). (5.5.13)

In order for this to be possible, there must be an extension u - u? 3ou = ov;
in (urp), and it must be that u?~20u is either a boundary or not an infinite cycle.
Since it is an infinite cycle for degree reasons, it is a boundary. The only class in
degree 2p is @u, so up to a unit there is a differential d*?~*(pu) = u?~20u in
(UTB)-

In the divided power algebra I'(pu), puyr—190u = kyrpu. We can then
prove our formula by induction on k, using the facts that

kd(ykeu) = d(ou)yp—19u + oud(yr—10u) (5.5.14)

and that Z,) is an integral domain. O
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5.5 Computation of THH, (ku; ku/v;)

We can now get a description of all the differentials in the truncated Bockstein
spectral sequence (ur):

Proposition 5.5.15. In the spectral sequence (ur), the differentials are given
by the formula:

P (ws1yp) = PP 2ou g, k>1 (5.5.16)
up to a unit, where v is the p-adic valuation.

Proof. The differentials given are the only possible in (ur) for degree reasons;
we only need to prove that they are indeed non-zero. We now know enough
about (urpg) to do so.

By looking at the degrees modulo 2p, we can list the classes in Ezlkpq of
(UTB):

Hkpy  Vh—1PUOVL,  Ve—1PU uP2ou, ViU fh(—iyp, 1 <0 < k. (5.5.17)
We know the following differentials in (urg):
P~ (yi0u) = uP2oury_1ou (5.5.18)
for ¢ > 1 from proposition 5.5.10;

dzpil(p’(ﬂrl)p) = py(i)o'vl,uip (5519)

from the map (¢z) — (urp) and proposition 5.3.2;

To complete the multiplicative description, we also note that d(ov;) = 0 and
that all the degreewise possible value for d2p’4(u(k_i)p) results in a non-zero
PP (ViU p—iyp)-

From this description, after d??~! the only generator left in E2211c)p71 is ppkp,
so that THHap, 1 (ku; ku/v;) is isomorphic to Z/p”(®)Z. This proves our claim
about (ur). O

We will now describe THH.. (ku; ku/v1), and as in [2], we will use vy to denote
multiplication by p in the spectral sequence (ur), as opposed to p denoting the
multiplication in the target group.

Proposition 5.5.20. THH, (ku; ku/vy) is generated as a Zy [u]/(uP~")-module

by
1, ou, pp
Vo fkp, Upkp, K > 2 (5.5.21)
OUlkp, B >1
with the relations:
up72~ou:p~,up

U - Vofbkp =D - Uhkp, K > 2
p”(k)+1 Uy =0, k> 2
WP g, =0, k> 2 (5.5.22)
p”(’“)Jrl coupp =0,k > 2
p”(k) “Vottkp =0, kK > 2

pl/(k)up_z COUMEp = O, k 2 2.
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5.6 Computation of the Bockstein spectral sequence for THH, (ku)

Proof. Except for the extension p -y, = uP~2ou this is the E> page of (ur).
This extension is present in (fz), and since the map i : THH.(¢; HZ,)) —
THH., (ku; ku/v1) is such that i(ov;) = uP~20u, and on the E> pages is such that
i(pp) = Hyp, it must be that uP~2ou is also divisible by p in THHa,—1 (ku; ku/v1).
The only possible extension is with p,, so we get our formula up to a unit. O

Without the module structure, writing all the classes, this is:

Zipy{1, u, ..., P2 ou, uou, ..., uP"2ou, p,t

D @ Z/p”(k)""l{u:ukp? u2.ukp7 L) UP?ZN/CP}
E>1

SB) @ Z/pu(k)+1{au#kp7 Ulkps - upig,u‘kp} <5523)
E>1

D @ Z/pu(k){UO,LLk’p; up72auﬂlkp}
E>2

with relations u?~20u = p - p, and u - Vopigp = P Ukgp-

5.6 Computation of the Bockstein spectral se-
quence for THH, (ku)

We know enough of these first three spectral sequences to compute the fourth:

THH, (£; HZ,)) & P(vy) = THH, (¢) ()
THH. (ku; HZ()) @ Pp—1(u) = THH, (ku; ku/v1) (ur)
THH (ku; ku/v1) ® P(vy) = THH. (ku) (v1)
THH. (ku; HZ,)) ® P(u) = THH..(ku). (u)

From the map THH(¢; HZ,)) — THH(k; ku/v1) comes a morphism of spec-
tral sequences (¢) — (v1), which determines some differentials in (v;). These
differentials, the one computed in the previous section in (ur) and the lem-
mas relating a spectral sequence and its truncations yield a description of the
differentials in (u).

Theorem 5.6.1. The differentials in (u) are given by the formula:

n+1_2 n+1l__

dP (P" p(og1ypnrr) = kuP 2Uul,bkpn+l, k>0,n>0 (5.6.2)

up to a unit and linearity with respect to multiplication by u.

Proof. Here we make good use of our results on truncated spectral sequences.
First, the differentials in (ur) from proposition 5.5.15 are lifted to (u) using
theorem 1.2.11, that is in (u) there are differentials:

d2p_4(,“(k+1)p) :py(k)up_QJU Pep, k=1 (5.6.3)

repeated for each power of u. These are the only differentials d” with 2 <
r < 2p —4 in (u) since these are the only differentials in (ur), again using
theorem 1.2.11.
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5.6 Computation of the Bockstein spectral sequence for THH, (ku)

We will now use theorem 1.2.21 and theorem 1.2.28. With regard to theo-
rem 1.2.28, it is important to see that in our current computation, a statement
stronger than the general case can be made. The general case would say that a
differential d(x) = y in (v1) would result in the existence of an element z’ such
that d(z') =y in (v1), and such that this differential can be lifted to one in (u);
but in (v1), each generator is alone in its bidegree, so that necessarily z = z’.
So each differential d(x) = y in (v1) can really be lifted to a differential d(z) = y
in (u).

Using theorem 1.2.21, the differentials of formula (5.6.3) results in (v;) in

d' (U p(geg1)p) = P’ B toup,, k>1,1<i<p-—2 (5.6.4)

repeated for each power of v;. These are the only differentials d??=2 in (v;)
since having more differentials would result in more differentials d” in (u) with
2 < r < 2p — 4. This gives the E? page of (v1):

(v1): E? 2Zpy{ls u, ..., uP~2, ou, uou, ..., uP"3ou, p,}t @ P(vy)
oP Z/pv(k){voukp} ® Pp1(u) ® P(v1)
k>2

©® @Z/pu(k)ﬂ{auukp, UOTUfbp,y - - upfg’auukp} (5.6.5)

k>1

@ @ Z/ V() {UP TR ouptp, V10U, UV TRy, - - -}
>

We have written all the generators vo i, with vy because we will now account
for the differentials in (¢) of theorem 5.3.5:

" o) = (k= DoV T o gy, k=1, 0> 1 (5.6.6)

That formula is also true in (v ), and from theorem 1.2.28 we deduce the formula
in (u) that was claimed (which also encompass the formula (5.6.3)).

It remains to prove that the classes cupy,, k > 1 are infinite cycles in (u).
The classes u?~2oupgy2, k > 1 are in the image of (¢) — (v1) and so are infinite
cycles in (vq), thus also in (u) by theorem 1.2.35. Since in (u) the only uP~2-
torsion is in even degree, it must be that cuj, are infinite cycles in (u). The
remaining classes to check are the oup, with p not dividing k. Once again we
now that these classes support no differentials of height up to u?~2, and are of
uP~2-torsion after d?=2 by formula (5.6.3). If some oup, supports a non-zero
differential the target must be p*(F=9uiP+1y, o 1 < i < k —1 for degree
reasons, and that target must be of uP~2-torsion, that is to say some

pu(k—i)uip+2’u(kii)p’
pET P
(5.6.7)

pu(k—i) uip+p_1//‘(k7i)p

is already the target of a differential. But the only possible differentials still not
accounted for are the one targeting p”(k_i)ui”+1u(k,i)p, 1 <i<k-—1, and these
are of height u" with h reducing to 1 modulo p. O
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5.6 Computation of the Bockstein spectral sequence for THH, (ku)

We can change our generators so that the differentials are not given up to a
unit but exactly.

Proposition 5.6.8. We can change the generators pn and ocupy: of THH, (ku; HZ )
with a multiplication by a unit so that the differentials in (u) are given by the
formula:

n+1 —92 n+1

dP (" (et 1yprir) = pYE)yp _20u,ukpn+1, k>0, n>0 (5.6.9)
Proof. Note that we have chosen p”(*) instead of k, but these are the same up
to a unit. We could have written the same statement with k.

The differentials are making the py and cupys interact, and once we have
chosen a specific unit for one of them, we have to use the same unit for all the
plun or poupys. Consider the graph G whose vertices are the iy and cupy:
and with an edge for each differential

d(p'un) = pPucupn: (5.6.10)

for any 7 and j, up to a unit, in the spectral sequence. The graph G is bipartite,
since the differentials are always from a uy to a cuuy:. If we prove that G is a
forest (as in a collection of trees), then we have proven our statement. Indeed,
this is sufficient to choose a coherent set of puy and cuppns, by choosing an
arbitrary root for all the trees in the forest, and then changing each generation
by a unit to verify the given formula.

We will reason on the p-adic valuation of N and N, denoted v(N) and v(N').
There is an edge in G between uy and oupy if and only if N = (k + 1)pt!
and N’ = kp"*! for some k > 0 and n > 0. In that case, v(N) > v(N') if and
only if n + 1 = v(N’), so that for N’ fixed, there is only one edge from cupy-
to some py that satisfy v(N) > v(N’). Moreover, v(N') > v(N) if and only
if n4+ 1= wv(N), so that for N fixed, there is only one edge from px to some
oupp: that satisfy v(N') > v(N). Thus, if there is a cycle in G, then it must be
confined to vertices whose p-adic valuation are all equal. But any vertex can
only have at most one edge going to another vertex of the same p-adic valuation,
so that such cycles are impossible. O

We can also state a result about the integral, non-local Bockstein spectral
sequence
THH, (ku; HZ) = THH, (ku). (5.6.11)

We will use the following notations for the non-local classes:

THH. (ku; HZ) = 241, p2} & @D 2/ p ()12 pn, cwpn} (5.6.12)
k>3

where

F) = {k when k is odd (5.6.13)

k/2 when k is even

(5.6.14)

0 when k is odd
e(k) = .
1 when £k is even

and 2us = ou.
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5.7 Computing the extensions and a presentation of THH, (ku)

In this section only — we later go back to p-local computation — let us write
u®) for the p-local generators. We can choose to lift them to the non-local case
such that when k£ and p are coprime,

1P = kg (5.6.15)
The p-local differentials can be rewritten as

ntl n " n+l_
" 2 ), = (kp e Poup®), L (5.6.16)

in the integral Bockstein spectral sequence, when k and p are coprime and
0<n<m.
Thus, we can conclude from all the maps THH. (ku; HZ) — THH. (ku; HZy)):

Proposition 5.6.17. In the Bockstein spectral sequence computing not localized
THH, (ku), the differentials are given by:

n+172

dpn+172(17nk,ukpm) = (kp™ "t = 1)uP OUMfgpm —pn+1 (5.6.18)

where p is any prime, k > 1, k and p coprime, m > 1, and 0 < n < m. The
m n+1
formula is valid up to multiplication by a unit of Z/k”%.

5.7 Computing the extensions and a presentation
of THH, (ku)

We first compute the extensions in the torsion-free part of the spectral sequence,
from the knowledge that the p-torsion and the u-torsion must be the same in
THH, (ku).

Proposition 5.7.1. The torsion-free part of THH, (ku) is a quotient of

P(u) ® Zipy{1, ou, iy, vopiye, Vg sy -} (5.7.2)

with relations
Py =uP " ou (5.7.3)
DV fpnt1 = upnﬂfpnvg*lupn, n > 1. (5.7.4)

Proof. From the differentials of theorem 5.6.1, the generators written are the
only one not of u-torsion. We already know from lemma 5.1.3 that they must
not be of p-torsion. We can give a second proof of this fact using the spectral
sequences, by studying the connecting map of multiplication by p:

§ : V(0), THH(ku) — THH, _; (ku) (5.7.5)

which is a map of ku,-modules.

Let n > 0. In order for p - v§u,n+1 to be zero, vy p,m+1 needs to be in the
image of ¢, and since it is not divisible by wu, it needs to be the image by J of an
element not divisible by w. Be there is no such element in V' (0)3,n+1 THH(ku): in
the E' page of the Bockstein spectral sequence computing V (0), THH(ku), the
only suitable element is ;ﬂfn, but it is not an infinite cycle (see proposition 5.4.4).
So p - vy pyn+1 is ot zero.
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5.7 Computing the extensions and a presentation of THH, (ku)

We now have to prove that the extensions given are present. The u-tower
over 1 is in even degree, so no extension are possible with the rest of the classes.
We prove the rest of our formula by induction on n. Let us first observe that
each extension must be with an element not already divisible by p; otherwise
if p-ofppn =p- u*z for some k > 1 and z, then VY Ppnt1 — u*z would be a
non-divisible by u class in degree 2p™*! — 1 whose product with p is zero, which
we already deemed impossible. Then u?~2?¢u is the only choice (up to a unit)
for p - pp. Let n > 1. If our formula holds up to rank n — 1, then p - v ppnt1
could degreewise be:

ntl_o

u? ou

+1
p" T —p
u Ly

n

+1_.2
uP TP vy (5.7.6)

n+1_pn ,Un71

p
u o ILLpn

but the only one not already divisible by p is wr" " vg_l pn - O

Using the results of chapter 2, we can recover the torsion extensions.

Proposition 5.7.7. The torsion ku,-sub-module of THH, (ku) is presented by
the classes
VYT apn (5.7.8)

in degree 2ap™ + 2 where h, a and n are integers such that h >0, n>1,a>1
and p does not divide a, together with the relations:

1) w2 ~v30uuapn =0 for any h, a and n.
2) vy oupepr = 0 for any a and n.

ntl_pn y(b)
3) P OUL(bptp—1)pr = VOTUL(bptp—1)pn + UP Prug oupippn

for any b > 1 and any n.

h _ b1
4) p- vy oUlgpr = V)T TUMgpn

for any a, n and h > 1 or h = 0 not in the case of 3).
Proof. Here we will use the results of chapter 2 applied to the torsion ele-

ments of THH, (ku). Hypothesis (sR1), which is in our case a statement about
V(0). THH(ku; HZy)) is easy to check from the modulo p results of section 5.4.

Our lifts gfa; of the E>-page will be the on(k)
differentials of proposition 5.6.8:

oufigpn+1 obtained from the

dpn+172(pnﬂ(k+1)pn+l) = p”(k)kupnﬂﬂauukpnﬂ, k>0,n>0. (5.7.9)

These differentials gives us the relations at the end of the u-towers

"+173vv(b)

p- upn*‘gauu(bp_,_p_l)pn =P OULppnt1
- up”—3guﬂ(bp+j)pn =0 whenever 0 < j <p—1 (5.7.10)
D uP"HL—%gguuapn = 0 whenever h > 1.
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5.7 Computing the extensions and a presentation of THH, (ku)

In the language of chapter 2, this is
v(b)
T(OUL(bpyp—1)pn) = Vg OUklppnt1

T(Cupt(pptj)pr) = 0 whenever 0 < j <p—1 (5.7.11)

m(vhouptapm) = 0 whenever h > 1.

Let n > 1, a > 1 not divisible by p and h > 0. We will check (sT;) for all
classes Ugouuapn, that is to say proving that the only other class that can appear
in p-vfoupepn is m(vhouan ), thus proving the formula. Hypothesis (sT;) is
proved by examining, for m > 1, ¢ > 1 not divisible by p and k > 0, the classes
vé“ou,ucpm that can appear in the inequality
" 2o ouptapn .

(5.7.12)

k_2

|U§UUNCP’"| < |Ug‘7“:“ap"| < |upm7 Ugau#cpm| < |Upn7

This equation (5.7.12) is indeed equivalent to

i) Z cp™ti41< Z aip" Tt +1

i>0 i>0

i) Y ap" 1<y e+ )y (p—1)p! (5.7.13)
i>0 i>0 i=0

(p—1)p".

m—k—1 n—

i) Y ep™ 4+ D (p—1p' <D ap™+ >
i>0 i

h—
i>0 i=0 i=0

Here we have written a = >, a;p" and b =Y, b;p’ in base p.

If m < n, i) and 47) cannot hold together. If m = n, but then for ¢) and i) to
hold together, we must also have a = ¢. Then any k such that h < k is suitable.

If m > n, then to have i) and i), ¢p™ must be a truncation of ap™, and
m —k —1 > n. Then for ¢i:) to hold, we must have h = 0 and 4i7) is an equality,
that is to say the firsts digits aq, ..., a,, of a are p — 1, and then we can have
n<m—-k—1<n+4w,withk =0exceptifm—k—1=n+w and a,+; =0. In
that case, k must be the number of digits of a equal to zero after the position w.
For n = m — 1, we get the class vEoupepm = (v oupayn ), and for m —1 > n we
get classes such that [v§oupieym| < |T(vhoupepn)| (remark that all these classes
will be connected by a tower of extensions, one for every p — 1 digits at the end
of a). Thus, (sT;) holds for all torsion classes. O

From the two previous results, we can give a presentation of THH, (ku) as a
ku.-module.

Theorem 5.7.14. THH.(ku) is a quotient of the Zy)[u]-module
P(w) ® (Zg {1, 0w, v ptyes, m > 0}

© P(vo) ® Zpy{ouptapn, n > 1, a > 1, a not divisible by p}) (5.7.15)

by the relations:

® DLy = P 2ou.
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.0
oup3 ouplg Tup12 oujils

Figure 5.2: T1 and T5 for p = 3.

_o" n

n+1 _
® DU fipntr = uP P g 1,upn for anyn > 1.

n—h_q

o yP -v{{au,uapn =0 for any h, a and n, a not divisible by p.

o vioupapn =0 for any a and n, a not divisible by p.

nt+l_ n b
® D OUL(bptp—1)pn = VOTUM(bptp—1)pn T UP p vg( )crupban foranyb>1

and any n.

e p- vgauuapn = vg+1auuapn for any a, n and h > 1 or h = 0 not in the

PTEvious case.

For the non-torsion part, we can state an integral, non-local version of this
result; at each power u?"~2 for n > 1, ou becomes divisible by p one more time.
In what follows, ku is not localized at a prime.

Proposition 5.7.16. The non-torsion part THH, (ku) includes a tower Zu]

generated by ou where for each n > 1, u" 20w is divisible by the least common
multiple of the integers 1, 2, ..., n. That is, the non-torsion part is
Zu{l} ® Q (5.7.17)

where Q is the sub-Z-module of Qu]{ou} generated by the
unflo.ﬂ(o)

lem(1, 2, ..., n) (5.7.18)

forn > 1.

However, we are not able to provide such an integral description for the
torsion part.

As studied in [2] for THH,(¢), the torsion modules of THH, (ku) are divided
into periodic submodules T;, for n > 1. Each T,, correspond to the submodules
of the torsion elements of degrees between |oup,n| = 2p™ +2 and |oupiopn| —1 =
2(2p™) + 1. Each of these appears p — 1 times, by replacing the leftmost class
with oupn for 1 <k <p—1, and p copies (as submodules or quotients) of T,
are present in T}, 1, so T,, appears an infinite numbers of times. In the following
figures, the generators are named and placed on the bottom horizontal line; the
rest of the non-zero class are indicated by a o when they come from THH, (¢), a
e otherwise; going straight up indicate a multiplication by p, and going upward
and right is a multiplication by u; when two lines go up from a single class, it
means the multiplication by p is the sum of the two elements reached. None of
the named classes come from THH, (¢).

The code used to generate these pictures can be found in appendix A. We
can see that THH, (ku) is not THH,(¢) étale, by which we mean that

THH, (ku) # ku, @¢, THH, (£). (5.7.19)
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Figure 5.5: T5 for p = 5.
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5.8 A remark on bisimplicial spectra and the suspension map

Further discussions of these kinds of properties can be found in chapter 6. The
extensions of scalars, however, does yield an injection, and in fact a short exact
sequence

0 — ku, ®;, THH, () — THH, (ku) —— C —— 0 (5.7.20)

where the cokernel C can be presented as the quotient of the Z,)[u]-module
Py _2(u) @ Zipy{1, ou, oupiapn, n > 1, a > 1, a not divisible by p}  (5.7.21)

by the relation p"oupgpr = 0 for any a and n, a not divisible by p.

5.8 A remark on bisimplicial spectra and the sus-
pension map

This section will offer a more general but incomplete point of view on lemma 5.5.6.

Topological Hochschild homology can be seen to have other structures in
addition to the algebra structure. By viewing the simplicial construction of THH
as a tensor product S! ® A with a simplicial model of S', THH can be equipped
with a Hopf algebra structure and an S' action; an account of such results can be
found in [3]. Here we are interested in the suspension map o : XA — THH(A),
which is constructed after remark 3.11 of [3] by splitting S}r as S v S° and
composing S' A A — ST AA— ST A.

We will study the map o simplicially, in order to show that it enjoys some
compatibility with the Brun spectral sequence, but we will not get a result good
enough to used as our lemma 5.5.6. To do so, we need to introduce bisimplicial
S-modules.

Definition 5.8.1. A bisimplicial S-module is a functor
F: AP X AP - Mg (5.8.2)

or, equivalently, a simplicial object in the category of simplicial S-modules.
Its geometric realization |F| is the coend of the functor F A (Ae)4 N (Ad)4 :
AP x AP x A x A — Mg where A4 is the topological simplex functor.

Since we have two simplicial directions, we can also realize F' into a simplicial
S-module in two different ways, that we will denote |F'|; and |F'| for respectively
realize following the first and second variable. These simplicial S-modules can
then be realized a second time. As a consequence of the Fubini theorem for
coend (see for example [24]), the following result holds:

Proposition 5.8.3. There are natural isomorphism of S-modules
|F| 2= |[Fl| = ||F|2]. (5.8.4)

Let S! be the simplicial set that is the quotient of the 1-simplex A! =
Hom(—,[1]) by its boundary A!, i.e. the coequalizer of

« — Al (5.8.5)
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5.8 A remark on bisimplicial spectra and the suspension map

where the maps are the inclusion of the two 0-cells of A'. One can think of that
coequalizer as having n-th simplicial level:

{f € Hom([n],[1]) s.t. 0 is in the image of f}. (5.8.6)

Be wary though that this notation is not to be used with the simplicial maps,
since the property “0 being in the image of f” is not stable by precomposing
with a face map. It is only useful to have a representing set of our quotient and
to count the number of cells. Here, our S} has only two non-degenerate cells,
one in dimension 0 and one in dimension 1. Hereafter, we consider that model
to be a discrete based simplicial space, the base point being the zero map.

Let A and B be commutative S-algebras, with an algebra map n: A — B.
By considering A to be a constant simplicial S-module, we have a simplicial
model for the suspension:

YA, = SLAA. (5.8.7)

Since S! is discrete, each simplicial level is a wedge of copies of A, one for each
cell in S! that is not the base point. Thus:

EAO = %
YA =2 A (5.8.8)
YA, 2 AV A

We can also write explicitly the simplicial model for Si A A coming from the
same simplicial S, which have

(S A A)o =
(STAA)=AVA (5.8.9)
(ST AA)p=AVAVA

However, we cannot control the map YA — SJlr A A simplicially. This is the
first issue to get a usable result mimicking lemma 5.5.6.

We will need a simplicial version of lemma 4.3.5, that can be proved similarly
to proposition 4.2.11.

Lemma 5.8.10. Let A and B be commutative S-algebras with a map of algebra
A — B. There is a natural isomorphism of S-modules

THH(A; B) = B Age B(B, A, B). (5.8.11)
Let us define the three following bisimplicial spectra:

SApq = (S-ls— A A)yp
P,,=BNA"AB (5.8.12)
Tpq=BAB"ANBAg: BAA AB.

SA is constantly (ST A A), in the direction g. P is constantly Be(B, A, B) in
the direction ¢. T has a Be(B, B, B) on the left of Ag. and a Be(B, A, B) on
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5.8 A remark on bisimplicial spectra and the suspension map

the right. Thus, |SA|; is the constant simplicial spectrum St A A, |P|; is the
constant simplicial spectrum B(B, A, B) ~ B A4 B, and

|T|y ~ BAB" ABAge BAs B
~ BN ABAs4B

|T|y ~ BAge BANA™ A B
~ B A AP

IT| ~ THH(A; B)
~ THH(B; B A4 B).

(5.8.13)

We have a map 7 : P — T which is the inclusion using the units of the
component on the right of the Age. After realizing with | — |1, this can be seen
to be the inclusion

BAysB— BABMABAge BAyB (5.8.14)

of the 0O-cells into the simplicial construction of THH(B; B A4 B). This is also
the edge homomorphism of the Brun spectral sequence computing THH(A; B),
since the Brun spectral sequence is constructed from a CW-structure on B,
and in the construction in the proof of theorem I11.2.10 (approximation by cell
modules) of [20] can begin with a map that represents our 0-cells correctly.

The map o : A — THH(A; B) is constructed from the map w: S} A A —
THH(A; B), that can be seen simplicially to be defined as

SAyy=A—BAB"ANBAg. BAB =Ty, (5.8.15)

from the unit A — B into the penultimate B on the right, and on the second
non-degenerate cell — the A on the right of AV A — to be

SA1,=AVA—-BAB"ANBAgc BNAANB=Ty, (5.8.16)

the identity id4 into the only A on the right. The rest of the cells in S_1~_ are
degenerate, so we have defined a bisimplicial map. That map can be seen to
factorize through P, so that we have a commutative diagram of bisimplicial
spectra maps

SA — T

\ / (5.8.17)
P

that after realization gives

SLANA ——¥ 5 THH(A; B)

\ / (5.8.18)

BAs B
that gives after precomposing with the map XA — S}r ANA

YA——% THH(4; B)

\ / (5.8.19)

BAs B
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If we were working with spaces, we could give an explicit point-set model
of the realization of the bar construction (see e.g. (7.7) of [38]), and we could
identify the image of the map XA — B(B, A, B) with the suspension in the bar
resolution, so that we could also name that map ¢ and the classes we named
oa in the Tor computing m.(B Aa B) are indeed o(a). Thus, given that the
map o into THH is a derivation, we would automatically have the equation
ov; = (p — 1)uP~20u in THH, (ku) and TH H,(ku; ku/v;). But we don’t have
such a fine control on the realization of simplicial spectra.
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Chapter 6

Logarithmic topological
Hochschild homology

It is known — e.g. from V(1) computations in [5] — that there is no weak equivalence
between THH(ku) and ku A, THH(). However, such weak equivalence is true
for the so called logarithmic topological Hochschild homology. This, along with
knowledge of THH.(¢) and a little input on its image in THH, (ku), is sufficient
to compute the latter.

There exist various constructions of logarithmic topological Hochschild ho-
mology. In [22], Hesselholt and Madsen construct it for discrete valuation rings.
Here we will deal with the construction of Rognes, Sagave and Schlichtkrull in
[33] and [34]. Another account of the logarithmic sequence for ku by Blumberg
and Mandell can be found in [11].

6.1 Logarithmic topological Hochschild homology
of ku

Logarithmic THH is constructed in [34] for symmetric spectra enticed with a
“log ring structure”. We will only state what we need about this. Let E be
a non-zero, d-periodic, positive fibrant commutative symmetric ring spectrum.
Here d-periodic means that d is the smallest positive integer such that 7. (E)
has a unit = of degree d. Let e be the connective cover of E, also assumed to be
positive fibrant. Then there is a log ring structure denoted by (e, (x)) on e. The
following is theorem 4.4 of [34]:

Theorem 6.1.1. There is a natural homotopy cofiber sequence
THH(e) - THH(e, (x)) -9, Y THH(e<q) (6.1.2)

of THH(e)-module with circle action, where p is a map of commutative symmetric
ring spectra and e«q is the (d — 1)-st Postnikov section of e.

Here THH(e, (x)) is logarithmic THH for the log ring structure coming from
the unit .
From that we can write diagram (8.1) of [34]:
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Corollary 6.1.3. There is a map of homotopy cofiber sequences:

THH(f) —2— THH(, (v1)) —2— S THH(HZ,)
l ; l E l“‘ (6.1.4)

THH(ku) —— THH(ku, (u)) —2— S THH(HZy))

The last thing we need from [34] is theorem 6.3:

Theorem 6.1.5. The map of pre-log ring spectra (£, (v1)) — (ku, (u)) is formally
log-THH-étale, i.e. there is a weak equivalence of ku-modules:

THH (ku, (u)) ~ ku Ay THH(Z, (v1)). (6.1.6)
The Kiinneth spectral sequence can then be used to conclude that additively,
THH, (ku, (v)) = Py—1(u) ® THH, (¢, (v1)) (6.1.7)

with the relation uP~! = v;. Remark that the inclusion of THH, (¢, (v1)) in
THH, (ku, (u)) is the map induced by f’.

6.2 Deriving THH(ku) from THH(/) and logarith-
mic THH

We need to know that in the image of the map THH,(¢) — THH, (ku), the
classes ov; and ov; g2, k > 1 are divisible by wu; this is true from our previous
computation of THH,(ku), but it can be established only from the fact that
ov; = uP"20u in THH, (ku) (lemma 5.5.6), and the multiplicative properties
of the map THH,(¢) — THH. (ku). The previous results and the description
of THH, (¢) of [2] are enough to compute THH., (¢, (v1)), THH., (ku, (u)) and
THH, (ku).

We work in the homotopy long exact sequences resulting from corollary 6.1.3.
If we denote g : THH.(HZ,)) — THH.(¢) the map induced in the long exact
sequence, then g(1) = 0 since Imp = Kerg and p is a ring morphism, thus
injective on THH(¢). Moreover, g(ugp) = 0 since |ugp| = 2kp — 1 and there is
no p-torsion in odd degree in THH, (¢). Thus g = 0, and fog: THH.(HZ) —
THH, (ku) must also be 0. The long exact sequence splits into short exact
sequence:

0 —— THH..(¢f) —"— THH.((, (v1)) —2— THH,_1(HZ(,)) — 0

lf I’ lid
0 —— THH, (ku) —— THH, (ku, (u)) —2— THH._,(HZ,)) — 0

(6.2.1)

Equation (6.1.7) ensures that f’ is an injection, and then f must also be

an injection. The maps are of THH(¢) or THH(ku)-modules, so of £ or ku-
modules depending on the line. Let & € THH,(¢) be any of the classes ovya,
with o € {1, pgp2, K > 1}. We know that f(z) is divisible by w, and thus
p'(f(x)) = f'(p(x)) is divisible by u. But then from the eq. (6.1.7), p(x) must
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be divisible by v1. Let y € THH,_5(,—1)(¢, (v1)) be such that viy = p(z): y
cannot be in the image of p since z is not divisible by v; in THH,(¢). Then
d(y) # 0 and must be a multiple of the class named o in THH. _op41(HZ ).
The coefficient must be a unit, since otherwise y would be divisible by p, and
thus p(z) too, but then this would mean that (p~'p(z)) # 0 which is impossible
for degree reasons.

The remaining elements in THH, (HZ,)) that we need to account for are
the g, with k not divisible by p. These can be lifted to classes we name
dpkp € THHop, (¢, (v1)). If v1dpgy, # O then it must be equal for degree reason
to an element divisible by vy coming from THHoyp,o(p—1)(€); if vidpg, = v13
we can rename dpg, to be dug, — 5. We still have 0(dpp) = prp, but now
vidpgp = 0.

Thus, we have proved:

Proposition 6.2.2. THH. (¢, (v1)) is equal to
THH..(¢) ® Z(p){d, dptkp, k > 1} (6.2.3)

quotiented by the relations vid = ovi, vidur, = ovipgy with the convention
ovi gy = 0 € THH, () when k is not divisible by p, and p**®+1duy, = 0.

We now describe explicitly the structure of THH, (¢; (v1)) and THH, (ku, (u)).
Theorem 6.2.4. THH, (¢, (v1)) is a quotient of the Z,)[vi]-module

P(u) ® (Z(p){l, d, 0 piynsr, m > 0}
© P(vo) ® Zpy{dptapn, n > 2, a > 1, a not divisible by p}) (6.2.5)

by the relations:

& D Up = ’Uld.
® P-UGpntt = Uf"vg_lupn for any n > 1.
PRl pnh 24 il Lo
o U] ~vgdptapr = 0 for any h, a and n, a not divisible
by p.

vy dptgpn = 0 for any a and n, a not divisible by p.

n n—1_, .. v(b
dfipsp—1)pr = Vodh(bprp-1)p + VT S +p”o( )dﬂbp

p- nt1 for any
b > 1 not divisible by p and any n.

P - v(’}duapn = Ug+1dﬂapn for any a, n and h > 1 or h = 0 not in the
PTevious case.

Theorem 6.2.6. THH.(ku, (u)) is a quotient of the Z,)[u]-module

P(w) @ (Z {1, d, v} tyrsr, m > 0}
® P(vo) ® Zpy{dprapn, n > 1, a > 1, a not divisible by p}) (6.2.7)

by the relations:
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° p-p,=uPld

n

n

ntl_ _
® DU fipn+1 = uP P g 1,upn for anyn > 1.
n—h _

o P Lo oldpapn =0 for any h, a and n, a not divisible by p.

vy dptapn = 0 for any a and n, a not divisible by p.

ntl_ n b
® P dippip—1)pr = Vodi(pptp—1)pn + UP ep vg( )d‘Lprn+1 for any b > 1
not divisible by p and any n.

D - v{}duapn = Ug+1d/,l,apn for any a, n and h > 1 or h = 0 not in the
Previous case.

From these descriptions of THH, (¢, (v1)), THH, (ku, (u)), and of the maps
f', 0 and 9’ it is easy to derive a description of THH, (ku) similar to that of
theorem 5.7.14 with p’ sending ou to ud.

We are also able to provide a logarithmic counterpart of the integral result of
proposition 5.7.16. In what follows, ku is not localized at a prime. Once again,
we cannot state anything of the sort for the torsion.

Proposition 6.2.8. The non-torsion part THH, (ku, (u)) includes a tower Z[u]
generated by d where for each n > 1, u"~'d is divisible by least common multiple
of the integers 1, 2, ..., n. All the elements can be written as such a quotient.

We can revisit the figures of chapter 5 for logarithmic topological Hochschild
homology. THH, (¢, (v1)) and THH, (ku, (u)) are divided into submodules T, for
n > 1 that are obtained from the T,, of THH, (¢) and THH, (ku) by adding the

extension u - d = ou.

dps3

Figure 6.1: T for p = 3.

) ® e
dpg dpi2 dp1s

Figure 6.2: T for p = 3.
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o/.
./
O/
./
O/
./
O/
./
O/
./
O/
./
O/
— —
o/. ./o o/.
o~ o
— -
/O /. /. /.
e 0 e _o ° _
o _ o e o —
./o ./o ./o
.0 .® .0 .0 .0 .0 .o .® .o
dpar duso duss duse dp3g djra2 dpas dpgs dusy

Figure 6.3: T4 for p = 3.
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Chapter 7

The K(Z,3) units and the
trace map

In this chapter, we study the trace in topological Hochschild homology of the
map XK (Z,3) = K(ku) induced by the map XK (Z,2) = XCP™ — ku.

This map capture part of the units of the ring spectrum ku. The units
GL1(R) of a ring spectrum R can be defined as the homotopy pullback of the
square

GL;(R) —— QR
| l (7.0.1)
mo(R)* —— mo(R)
The units of ku can thus be seen to be
GL:(ku) = Z/2 x BUg. (7.0.2)

The natural inclusion BU(1) — BUg and the fact that U(1) = K(Z, 1) define
our map K(Z,2) — GL;(ku). Furthermore, as seen in [26] (lemma V.3.1), the
inclusion induces a splitting

The other ingredients in our discussion are the natural map from the ring
units into algebraic K-theory and the Bokstedt trace map from algebraic K-
theory to topological Hochschild homology. Both these maps are studied in e.g.
[35] or [4].

Following [4] proposition 2.5, the composition of the unit map and the trace
map

Y¥YBGLi(R) — K(R) — THH(R) (7.04)

is equivalent to the composition
YPBGLi(R) = X BYGL1(R) ~ BYSYGL(R) — BYR. (7.0.5)
The first part is the map coming from the bar construction

S BGLy(R) = S BY(GLy(R); ¥) — S BYGLy (R). (7.0.6)
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7.1 Hopf rings and the external Bockstein of H,.(K(Z,3);F,)

The second part comes from the counit of the adjunction
LY AGL (7.0.7)
which gives a map
YPBYGLi(R) ~ BYYSTYGL1(R) - BYR=THH(R). (7.0.8)
Thus, we have a composition
Y K(Z,3) = XFBGLy (ku) ~ BYYXGLy (ku) — THH (ku) (7.0.9)
that will factor through ku A K(Z,3) by extension of the scalars. The map
fikuNK(Z,3)y — THH(ku) (7.0.10)

is what we will partially compute. Our model from that map will be induced by
the cyclic bar construction and the identification

ku A K(Z,3)4 ~ ku Az g z2)e STK(Z,2)° A B(S, ST K(Z,2),5)

~ BY(ETK(Z,2); ku) — BYku

(7.0.11)

obtained by proposition 4.2.11, the commutativity of ¥5° K (Z, 2) and proposition
I1.1.2 of [20] applied to the simplicial constructions.

We can sumarize all the maps we have mentioned in the diagram of fig. 7.1
where ¢, is the extension of scalars, f is the map we will compute, ¢5 is the
inclusion of the units in K-theory and ¢3 is the Bokstedt trace map. Triangle (1)
commute by functoriality, square (2) by naturality and square (3) by functoriality
in the composition

S = NP K(Z,2) — L°GL (ku) — ku. (7.0.12)

The area (4) is the equivalence of proposition 2.5 of [4].
We will first compute the Bockstein spectral sequences

H.(K(Z,3);F,) ® P(p) = H.(K(Z,3); L)) (7.0.13)
and
H.(K(Z,3); L) ® P(u) = ku.K(Z,3). (7.0.14)

Then, the identification ku A K(Z,3); ~ THH (X K(Z,2); ku) will allow
us to partially compute the map f.

7.1 Hopf rings and the external Bockstein of
H*(K(Zv 3)7 FP)

The groups H.(K(Z,3);Z), along with the homology of Eilenberg-MacLane
spaces in general, were computed in the Cartan’s seminar [16] (see also [29]
for an overview). Here we will compute H.(K(Z,3);Z,)) using Hopf rings
techniques. What we will use about Hopf ring comes from part 2, section 7
of [38], along with a computation of H.(K(Z/p,n);F,) for all n > 0 in part 2,
section 8 that will be the basis of our own computation. Hopf rings techniques
are also studied and used in [31].
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N®BK(Z,2) = YXFK(Z,3)

7
. YPBY(K(Z,2); %) Y BY(GLy(ku); %) ~ X BGL; (ku)
(1)

~ (4) b2
BY (XY K(Z,2);8S) (2) Y BYGLy (ku) K (ku)
BY(S¥K(Z,2); ku) (3) BYNXGLy (ku)

2 !
ku N K(Z,3)+ B%ku

Figure 7.1: The map f, the units and the trace.
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7.1.1 Hopf rings

A Hopf ring is a graded ring object in a category of coalgebras. All our examples
will be from the following constructions: let E, be a homology satisfying a
Kiinneth isomorphism, and let G be a group. The homology of the Eilenberg-
MacLane spaces FE,K(G,*) has a Hopf ring structure. Here, there are two
graduations. The homology graduation is internal — we forget about it to get
a coalgebra from our graded coalgebra — and the graduation corresponding to
the level of the Eilenberg-MacLane spaces is the one we mentioned previously in
“graded ring object”.
Precisely, for each n > 0, the diagonal map

A:K(G,n) —» K(G,n) x K(G,n) (7.1.1)

gives the homology E,.K(G,n) the structure of a (graded) cocommutative coal-
gebra. There is also a first monoid map (the sum in our graded ring)

x: K(G,n) x K(G,n) = K(G,n) (7.1.2)

induced by the group law on G. The product comes from the cup product in
the cohomology theory represented by the K (G, %), which gives a map

o: K(G,m) x K(G,n) — K(G,m+n) (7.1.3)

for each m, n > 0, so that this is indeed a graded product in F.K(G,x*). That
map can be constructed to be compatible in some sense with the bar spectral
sequence computing K (G,n + 1) as the classifying space BK (G, n). This is the
basis of the computation in [31] and [38], and the explicit construction can be
found in section 1 of [31]. We will also simply write *, o and A for the products
and coproduct on E, K (G, ).

Both product * and o are maps of coalgebra, with the cocommutative
coalgebra structure on F,K(G,*) ® FE.K(G,*) being given by A ® A, and
the product being term by term. The distributivity of o over % correspond to a
homotopy commutative diagram of spaces

K(G,m) x K(G,n) x K(G,n) —2* 5 K(G,m) x K(G,n)
leidxid

K(G,m) x K(G,m) x K(G,n) x K(G,n)

J{idxrxid o

K(G,m) x K(G,n) x K(G,m) x K(G,n)

lOXO

K(G,m+n)x K(G,m+n) ———— K(G,m+n)
(7.1.4)

which, applying F,, results in the following distributivity formula:

zo(yx2) =Y (-1 oy)x (2" 0 2) (7.1.5)

where A(z) = > 2/ ® 2" and the degrees are the graded ring one, i.e. n and m
in the previous diagram.
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The Bockstein spectral sequences we will study come from the cofiber sequence
HZ, %+ HZ, — HF, (7.1.6)

that induces a homology long exact sequence for our spaces. The homology
Bockstein spectral sequence of an H-space is a spectral sequence of Hopf algebras,
see for example chapter 10 of [27]. In our case, it means that the differentials
are derivations with respect to both products — * gives an H-space structure to
each K(G, %), and o gives an H-space structure to their union — and coderivation
with respect to the coproduct.

7.1.2 Homologies of K(Z,3)

Our goal is this section is to compute H.(K(Z,3);Z,) from the Hopf ring
H.(K(Z/p,*);Fp) and from H.(K(Z,2);Z). We first review the results of
[38] regarding H, (K (Z/p,*);Fp).
In the bar spectral computing H, (K (Z/p,n+1);F,) as H.(BK(Z/p,n);F,),
the E? page is
Tor!: K E/pmE) (F, F,). (7.1.7)

That Tor yields a divided power algebra I'(cx) over the suspension of x from
an exterior algebra E(x); an exterior algebra E(ox) from a polynomial algebra
P(z); an exterior algebra E(ox) and a divided power algebra I'(¢x) over the
transpotence of z from a truncated polynomial algebra P,(z). Remark that
a divided power algebra I'(z) in characteristic p decomposes as the product
®);>0 Po(7pix). Moreover, in that case, for bidegree reasons, all the spectral
sequences collapse, so that we can write:

H.(K(Z/p,0);Fp) = Py([1] — [0]) (7.1.8)
H.(K(Z/p,1);F,) = E(e1) @ T(an). (7.1.9)

Here, e; is the suspension of [1] — [0], in degree 1, and oy its transpotence, in
degree 2. We will write ;) for the divided power 7,:a1, so that

T'(on) 2 X) Pyla))- (7.1.10)

i>0
Thus, next we have:
H.(K(Z/p,2):F,) = T(oer) © Q) Bloag) © T(da). (7.1.11)
i>0

This is when the Hopf ring structure becomes handy. It can be seen geometrically
that the suspension of a class is in fact its o product with e;. Furthermore,
the classes v, (;) can be rewritten modulo decomposables for the * product as
Q(j) © Q(itj+1)- We denote ey oey by B1 = B(g), in degree 2, and let ;) = 7,: 51,
so that we can write:

H.(K(Z/p, 2)§]Fp) = ®E(61 o a(i)) ® Pp(ﬂ(i)) ® ® Pp(a(j) © a(i+j+1))'
i>0 i,j>0
(7.1.12)
That process continues to compute the Hopf ring H,.(K(Z/p,*);F,) entirely.
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Theorem 7.1.13 (8.5 of [38]). H.(K(Z/p,*);F,) is the free Hopf ring on
H.(K(Z/p,0);Fp) and the generator ey, oy and By for i > 0 with the relation
€1 0€e1 = B(O)

In fact, e; can be seen to be the image of the fundamental class of H,(K(Z,1);Z)
and f3o) is the generator of the divided power algebra H.(K(Z,2);Z). We use
the same notation for all these classes and their images into homologies with
various coefficients, and with respect to the maps from K(Z, *) into K(Z,), *)
or K(F, ).

The specialized result for K(Z/p,3) can be seen in the local version of the
previous theorem, which is 8.11 of [38]:

H ( (Z/p, , ®E e; o ﬁ(z) ® (61 o 04(1‘) o Oé(i+j+1)) X Pp(a(z) (¢] ﬂ(]))

i>0 i,5>0

© @) Pplag) © aitjtn) © Aitjrria)):
i.4,k>0
(7.1.14)

We now turn to the integral Eilenberg-MacLane spaces. With the previous
notations, we have:

H.(K(Z,1):F,) = E(ey) (7.1.15)

H.(K(Z,2);F,) = T(B(0)) = Q) Byl (7.1.16)
>0

as sub-Hopf algebras of H,.(K(Z/p,1);F,) and H.(K(Z/p,2);F,) with the re-
duction modulo p maps. This gives next:

H,(K = Q) E(0B;) @ T(68))- (7.1.17)

>0

That can be rewritten as a sub-Hopf algebra of H,.(K(Z/p,3);F,) using claim
8.16 of [38]:

H.(K(Z,3);F,) 2= R) Ele1 0 Bay) © X) Polag) © Biisjr)) (7.1.18)

i>0 i,7>0

where v,:08(j) = a(;) © B(i+j+1) modulo *-decomposables. From the proof of
claim 8.16 we see that this decomposable is zero when ¢ = 0, so that there is an
equality ¢8;) = () © Bj+1)-

To compute the Bockstein on H,(K(Z,3);F,), we need some input on the
Bockstein on K(Z,1) and K(Z,2).

Proposition 7.1.19. In H.(K(Z/p,1);F,) the Bockstein are given by the for-
mula:

51 (’yka(o)) = €1 * 'Yk,la(o) (7120)

forallk > 1.
In H.(K(Z,2);Fy) the classes By, i > 0 are all infinite cycles in the Bock-
stein spectral sequence.
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Proof. We have:

H(K(Z/p,1); L)) = E(er) (7.1.21)
H.(K(Z,2); Zy)) = T'(B(o)) (7.1.22)

so that the vy () are not in the image of the integral homology and must
support a Bockstein; the formula given is the only possible for degree reasons.
We get the results up to a unit, and we can rename our classes when necessary
to enforce the equality strictly.

Conversely, the ;) are all in the image of the integral homology so that they
must be infinite cycles. O

We will also need the coalgebra structure on H,.(K(Z/p,*);Fp).

Proposition 7.1.23. In H.(K(Z/p,*);F,), the coproduct is generated with the
Hopf ring properties and the formulas:

A(el) =e1®1+1®e; (7124)

Ay Z%a(o & Yn—kQ(0) (7.1.25)
k=0

A(mBoy) = Z’Ykﬁ(o) ® Yn—kB(0)- (7.1.26)
k=0

The formulas are mentioned in the proof of 8.11 of [38]. This type of formula
for the two transpotences agy and ) are also valid for all the next transpotences.
The only source for the formula for the coproduct of a transpotence seems to be
Cartan’s seminar sections [17], [18], and [15].

Proposition 7.1.27. For any v € H.(K(Z/p,* —1);F,), the divided powers of
its transpotence ¢x have coproducts

A(ynor) = Z VEPT & Yn—k P (7.1.28)
k=0

Proof. We work from two claims established by Cartan: the transpotences are
primitive classes (see [29] page 201) and the diagonal induces a morphism of
algebras with divided powers (see [29] page 193). We then use the Leibniz
formula for the divided power of a sum ((3) in [18]) and the formula for the
divided power of a product ((4) in [18]).

A(77L¢-r) = ’Yn(Ad)x)
=(¢pz®1+1® ¢z)
- Z’Yk((]ﬁﬂ? ® 1) ’ 77L—k(1 & (bl‘)
k:O (7.1.29)
=Y bz ©1- 1@ y_pda
k=0

n
=Y Wbr ® o pdw
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O

We need to establish the following claim, whose proof will also give an
example on how to use the Hopf rings properties to compute the coproducts:

Proposition 7.1.30. In H.(K(Z,3);F,), the coalgebra primitives are generated
additively by the classes oy and By for i > 0.

Proof. We use the following properties of Hopf rings: 1 0a = 0 when a is not a
unit, so that:

pi

A(el o 6(1)) = (61 RI+1® el) o (Z ')%B(O) ® ’ypi_kﬁ(o)) (7.1.31)

k=0
=(e; 0 6(1)) R1+1®(ego0 ﬁ(z)) (7.1.32)

Moreover,
n
A(ndBs)) = Z’}/k¢ﬁ(i) ® Yn—k®Be) (7.1.33)
k=0

and other products can be seen not to be primitive. O

Proposition 7.1.34. The differentials in the Bockstein spectral sequence on
H,(K(Z,3);F,) are given by

B (mdBei)) = 0B+ k-1 (7.1.35)
and thus, all the p-torsion in H.(K(Z,3); L)) is annihilated by p.

Proof. Let i be a non-negative integer. We will work inductively on the divided
power using the coproduct. Proposition 7.1.19 implies that

B () © Bit) = €10 Bty = oBit)- (7.1.36)

Moreover, ¢f;y = (o) © B(i+1), so our claim is established for ¢f;). If it is
established for
By, WwPBiys -+ - Vpr—1Biy (7.1.37)

then it is established for all y,¢3(;) with 0 < k < p™ —1 multiplicatively. Assume
this is the case, and let us prove our claim for v,» ¢S
On one hand:

AB (v dB) = (1@ B + 51 @ 1)(A(vpn 6Bs))

o
=(1lep +8'e 1)(2 MPBiy @ Yor—k0B))

k=0
=1® B (1pm 8Bi)) + B (v dBiy) © 1 (7.1.38)
p"—1
+ Z (@B ® 7 Blit1)Vpr —k—1080)
k=1

+ 0B+ 1) Te—1883) @ Vpr—k OB )-
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On the other hand:

A(oBiv1)Ypr—108)) =
p"—1

(1@ 0Burn) + 0Bty @1) Y wdBa) ® Wpn—1-k8B)  (7.1.39)
k=0

so that B (vpr @B(:)) — 0 B(i+1)¥pr—10Bs) is primitive, and is in degree 2pm T+ +
2p™ — 1. But the non-zero primitives classes of odd degree are in degree 2p* + 1
for some k > 0. This concludes our induction step.

Furthermore, 3"(0f3)) = 0 for degree reasons. There can be no other
differentials since now everything is either in the image of the Bockstein or
supporting a Bockstein. O

This formula for the Bockstein also appears in Cartan’s seminar (see again
[29] page 201). This is sufficient to compute the homology of K(Z,3) with Z,
coefficients.

Proposition 7.1.40.
H*(K(Z,?)),Z(p)) = Z(p){l, Uﬁ(o)} erT (7.1.41)
where the torsion submodule T is isomorphic to Im(8') C H.(K(Z,3);F,).

We won’t try to give another description of the torsion part, but we will
use the following notation: let ¢ : HF, — XHZg,) be the connecting map
for the multiplication by p cofiber sequence; we will write §(x) for the torsion
element of H. (K (Z,3); Z,)) corresponding to BY(x) in the previous isomorphism,
when « € H,(K(Z,3);F,). This way, we know that 6(z) = 6(y) if and only if
Bz —y) = 0.

7.2 The u-Bockstein spectral sequence computing
ku,K(Z,3)

In the section, we compute ku, K (Z,3) using the Bockstein spectral sequence of
the multiplication by w:

H.(K(Z,3); Zy) ® P(u) = ku.K(Z,3). (7.2.1)

To do so, we will use the map ¢ : HF, — ¥ HZ,) and the Bockstein spectral
sequence reduced modulo p:

H.(K(Z,3);F,) & P(u) = (V(0) A ku).K(Z,3). (7.2.2)

Since all the torsion in the image of § and the non torsion part is easy to study,
the mod p sequence will determine the integral one.

To compute the mod p sequence, we will first compute the Bockstein spectral
sequence associated to the multiplication by v in the mod p Adams summand
V(0) A £, which is in fact the connective Morava K-theory k(1) as remarked in
[39] after theorem 1.3. The periodic Morava K-theory K (1),K(Z,3) is computed
in [31], along with all the K(n).K(Z, m), which using the coalgebra structure
allows us to recover the connective case.
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7.2.1 First connective Morava K-theory of K(Z,3)

We begin by citing the periodic result, which is computed in [31] using the bar
spectral sequence:

Theorem 7.2.3 (12.1 of [31]). The first periodic Morava K-theory of K(Z,3)
is trivial.

K(1).K(Z,3) =2 K(1).. (7.2.4)
We are, however, interested in the v;-Bockstein spectral sequence
H.(K(Z,3);F,) & P(vy,v; ") = K(1).K(Z,3) (7.2.5)

since it determines the connective sequence
H,(K(Z,3);F,) ®P(v1) = k(1).K(Z,3). (7.2.6)

We will compute the connective vi-Bockstein sequence with some input from
the connective bar spectral sequence.

Lemma 7.2.7. There is a bar spectral sequence

E? = Tor*W-K@:2) (11, k(1),) = k(1),K(Z,3) (7.2.8)

and the Tor-groups include classes of3;y for any i > 0, such that U]fioﬂ(i) =0
and that map to the classes with the same name in TorH*(K(Z’z);FP)(IFp,IFp),

Proof. We begin by stating theorem 5.6 from [31]: K(1).K(Z,2) is generated as
an algebra over K (1), by the elements 3(;) with i > 0 and the relations

By =} By, i > 0. (7.2.9)

Here, the name of the classes are chosen so that they reduce to the class of
the same name in H,(K(Z,2);F,). We see that the periodic v;-Bockstein
spectral sequence computing K (1),K(Z,2) has no non-zero differentials, but
has multiplicative extensions giving the relations. Thus, the connective v;-
Bockstein spectral sequence computing k(1)K (Z,2) also collapses and has the
same extensions, and k(1).K(Z,2) is generated as an algebra over k(1) by the
same classes with the same relations.

The bar spectral sequence exists for any homology theory, since it is con-
structed from the bar filtration of the space K(Z,3). However, the identification
of the second page with the Tor-groups is only possible when there is a Kiinneth
isomorphism. Here, k(1). does not generally have a Kiinneth isomorphism, but
since k(1)K (Z,2) is torsion free over k(1),, it has one for products of K(Z,2),
thus for the bar construction of K(Z,3), and we have identified the E2-page.

The k(1),-algebra k(l) K(z,2) splits as

k(1) kD«Bwl, o (7.2.10)
=@MV g ot )

where all the tensor products are over k(1).. Thus, if we prove that for each
i > 0, the augmented complex

k(1) B ; . .
0 k(1) ( >/(% — o Be) ® E(0Bu) @ T(68))
d(oBiy) = B (7.2.11)

d(ve198)) = (65" — W)o By vk dBy k> 0
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7.2 The u-Bockstein spectral sequence computing ku. K (Z, 3)

is exact, then we have constructed a resolution of k(1). as a free k(1).K(Z, 2)-
module.
In that complex, in odd degrees, the differentials are given by

d(no By 1k®Biy) = 1By kB (7.2.12)
for any 1 € k(1),K(Z,2). This is zero if and only if 7/(;) = 0, that is

i

n= (" =o' (7.2.13)
for some 1’ € k(1).K(Z,2). In that case,
d(n' Ve+16B3)) = 1986y TkdB)- (7.2.14)

In even degrees, the differentials are given by
d(mye18Ba) = (Bt — v} )oBuy1dBa (7.2.15)
which is zero if and only if n = B¢;)n’ and in that case,

d(n' o By 1+198a) = Mk+198G) (7.2.16)

Then, we have a resolution as claimed. After tensoring with k(1), over
k(1).K(Z,2), the non-zero differentials are the

d(Ve+1080)) = —U{Uﬁ(i)%qﬁﬁ(i) (7.2.17)
which yields the results, since our resolution of k(1) is compatible with the
resolution F,, and the map k(1) — F,. O

Proposition 7.2.18. In the vy -Bockstein spectral sequence computing K (1).K(Z,3),
the differentials are given by the formula

& (dBsy) = ¥ 7By 1e—16B0) (7.2.19)

up to a unit, with i,k > 0.
The differentials are given by the same formula in the v-Bockstein spectral
sequence computing k(1)K (Z,3).

Proof. Our periodic vi-Bockstein spectral sequence is an Atiyah-Hirzebruch
spectral sequence for a space (see chapter 3), and thus a spectral sequence of
algebras from lemma 4.3.9. But, from the naturality of the diagonal map, it
is also a spectral sequence of coalgebras, and thus a spectral sequence of Hopf
algebras.

The connective v1-Bockstein spectral sequence has by definition the same
differentials. However, we can use lemma 7.2.7 to constraint its target: we
know that for any i > 0, if there exists an antecedent of o ;) € H.(K(Z,3);Fp)

through the map k(1).K(Z,3) - H.(K(Z,3);F,), then it is of vfl torsion, so
that if of3(;) survives to the connective v1-Bockstein spectral sequence, then it

must be of a torsion smaller than vf% in its E°°-page.
We will work by induction on 7. Because of theorem 7.2.3, all the classes
except the units in the periodic sequence must disappear somehow, and the
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7.2 The u-Bockstein spectral sequence computing ku. K (Z, 3)

differentials claimed are sufficient to do that; if we prove they are present, there
can be no further differentials.

First, o3¢y cannot be the source of a differential because of its degree, and
thus must receive a differential

d*P7?(z) = v10B0).- (7.2.20)

Since of(g) is in the lowest degree that can receive a differential, x must be
indecomposable. The only possibility is that z is ¢ up to a unit, so that

d2p—2(¢ﬁ(0)) = 010,6’(0) (7.2.21)

To get the result for all the divided power v, $f3(¢), we work with the coproduct in
the same fashion as in the proof of proposition 7.1.34 for the Bockstein. For each
n>1, d*(ypn ?B0)) — v1Ypr—16B(0) is primitive and in degree 2p" L £ 2pn — 1,
thus zero, and the result follows.

Now assume that up to a unit

& (wdB) = o7 0By 1-1660) (7.2.22)

is true fqr all £ > 0 and j such that 0 < j < 4. Consider the element o/3(;) in
degree 2p* + 1. The differentials are already determined for all element in degrees
between 1 and 2p*t!. If o) is the source of a differential, its target must be a
coalgebra primitive in even degree, that is one of the ¢3(;) with j <i —2. But
these classes are already determined to hold differentials. Thus, of(;) survive to

the E2(p_1)pi_1—page, and is the non-unit class of lowest degree in that page, so
that if it is the target of a differential, it must be from an indecomposable and
before the E2(P~1P'+1_page. The only possibility is that up to a unit,

J2(=Dp' (6Bu)) = 'Ufigﬁ(i)_ (7.2.23)
The rest of the divided power of ¢f;) follow as in the i = 0 case. O

Since k(1) = V(0) A £, the map ¢ — ku sending v; to uP~! allow us to
conclude the following:

Corollary 7.2.24. In the u-Bockstein spectral sequence computing (V(0) A
ku).K(Z,3), the differentials are given by the formula

d(pfl)pi (’Yk(bﬁ(z)) — u(pil)pialg(i)'}/k—l(bﬁ(i) (7225)

up to a unit, with i,k > 0.

7.2.2 The connective complex K-theory of K(Z,3)

To deduce the integral result from the modulo p one, we use the connecting map
0 : V(0) A ku — Zku of the cofiber sequence of the multiplication by p. That
map reduces modulo u to the already similarly denoted 0 : HF, — ¥ HZ,), so
that we have a morphism of spectral sequences:

H.(K(Z,3);F,)@P(u) = (V(0)Aku).K(Z,3)
lé l(; (7.2.26)
H,.(K(Z,3); L)) @ P(u) = ku.K(Z,3)
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7.2 The u-Bockstein spectral sequence computing ku. K (Z, 3)

In the integral spectral sequence, the non-torsion generators 1 and o0
cannot support differentials for degree reasons, and cannot be the target of
a differential coming from the torsion. Thus, it remains only to compute the
differentials internal to the torsion, which is entirely in the image of §. The
difficulty will then be to keep track of the different names given to a single element
by writing it as an image &(x); that is, to keep track of Ker(§) = Ker(5%).

We will use the following notation to denote all the products of the algebra
generators of H, (K (Z,3);F,), i.e. all the additive generators. For I a finite subset
of the non-negative integers N, denote by o; the product taken in ascending
order:

[Ie80) =0t (7.2.27)
iel

Let J be a finite multiset included in N, that is to say an application
my:N—=>N (7.2.28)

whose support is finite, i.e. m (n) # 0 only for a finite number of n. We call
my(j) the multiplicity of j in J, and we write j € J when m;(j) > 0. Generally,
when taking a set operation on a multiset J, we mean taking the operation on
the underlying set J = {j € J}, so that min J is the smallest integer n such that
my(n) > 0. Denote by ¢, the product (taken in any order since the classes are
of even degrees):
1 s )98y = ¢ (7.2.29)
jeJ
When j € N, denote by J[j1] the multiset whose multiplicity function is given
by

my(n ifn#£j
myp+) - N ( ) (7.2.30)
my(n)+1 ifn=j.
Similarly, when j € J, denote by J[j~] the multiset whose multiplicity function
is given by
my(n ifn#j
M- ne o (7.2.31)
my(n)—1 if n=y.
We will also write J[j7*] and J[j~~] to increment or decrement by 2, and
Ji1go s .. -] instead of J[5[55] .-

The torsion elements in H,. (K (Z,3,); Z,)) are then generated additively by
the 6(or¢s). These elements do not form a free family over F,, and some of
them are even null:

Proposition 7.2.32. In H.(K(Z,3); Zy)),
S(orps)=0&Vjed j+1el (7.2.33)

Proof. Recall that
8(01¢5) =0 B (016s) =0 (7.2.34)

and from proposition 7.1.34 that

B o1¢s) = Ziglgﬂ(j—i-l)ﬁbj[j*y (7.2.35)

jeJ
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7.2 The u-Bockstein spectral sequence computing ku. K (Z, 3)

The o7¢s do form a basis of H,(K(Z,3);F,), and each term of the sum will
vanish if and only if one the exterior classes appears two times in the product,
that isif j+1€ 1. O

We will now describe the differentials from the point of view of the targets.

Proposition 7.2.36. In the u-Bockstein spectral sequence computing ku. K (Z, 3),
if 8(o1¢y) # 0 is a (p— 1)p" *-cycle and receive a differentials AP~ (§(a)) =
uP=VP"§(a1dy) # 0 for some a € Ho(K(Z,3);F,), then we are in one of the
following two cases:

encl.
e /40, minl >n, minJ=n—1,myn-1)=1,VjeJ j##n—-1=
j+ 1€ and the differentials can be realized by
AP (§(o 1y Ba16-1)* (a=1)~ )

N (7.2.37)
= uP VP §(0165)

for any i€ I.

Proof. Assume that n ¢ I, we need to prove that it implies that we are in the
case of (7.2.37). Since § is a morphism of spectral sequences,

dP=YP"(§(a)) = uP" VP 5(01¢5)
& 5(d(p*1)”"(a)) — u(pfl)pné(o'jqﬁj) =0 (7.2.38)
o ﬂl(d(pfl)p" (a) — u(p’l)pnojng) -0

d?" (a) is a sum in which 0B(n) can be factored, so that it can also be factored
in 8(dP" (a)). Thus all the terms of

Bl or¢s) = Z o10Bj+1)P15-] (7.2.39)
jeJ
j1er
not having o3, as a factor must be zero, that is:

Vied, j#n—1=j+1€l. (7.2.40)

Moreover, since d(or¢s) # 0 we know that S1(ord;) # 0, and then n — 1 € J,
otherwise all the terms of the sum are zero.
We now consider the different cases in comparing min 7, min J and n.

e Assume that min] < n and min/ < minJ. Then:

VE < min I, dP~ D" (0(o 1\ fmin 1} P J[min 1+1)) = 0

_ min I
dtr=w (5(01\{min1}¢,1[min1+])) (7.2.41)

min I

e :Eu(pil)p 6(0[¢J)

so that the differential d»=VP" (§(a)) we were considering must be zero.
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7.2 The u-Bockstein spectral sequence computing ku. K (Z, 3)

e Assume that minJ < min/ <n. Then min/ = minJ + 1 sincen —1 € J,
and N
Vk < min J, dP~VP" (§(orhs)) =0

min J

AP~ (6(016.0))
= 0P 6(010 B(min )P I [min 7-])
£0

sincen —1 € JminJ~] and n ¢ I. Thus 6(o;¢,) is not a p"~!-cycle.

(7.2.42)

e Assume that min I > n. Then because of (7.2.40), min(J \ {n —1}) > n
and minJ =n — 1. We now refine this disjunction.

e Assume that min 7 > n and mj(n — 1) > 2. Then:
Vi <n—1, d?V"" (5(or¢,)) =0
AP~ (6(016))

B (7.2.43)
= 2uP VP 5(010Bm-1)bs((n-1)-])
#0
sincen—1¢€ Jj(n—1)"]and n ¢ I U{n —1}. Thus d(or¢) is not a
p"~L-cycle.

e Finally, assume that min I > n and mj(n — 1) = 1. The previous formula
is also valid, but this time dP=P" " (§(ca;¢,)) = 0.

If I = 0, then (7.2.40) implies that o7¢; = ¢f(,_1), but then 8 (¢S,,—1)) =
0By which is not a term in 8'(dP~YP" (a)), since those have all at least
two different o as a factor. Thus, the §(¢3(,—1)) are infinite cycles whose
u-towers cannot be the target of a differential, and hereafter I # ().

Now for any ¢ € I, i # 0 since minI > n > 0, and we have:

1
B (on(iyDaii-1)+]) (7.2.44)
= £0\{i}u{n} PI[(i-1)+, (n—1)-] T OI1PJ

and there is indeed a differential
APV (5(o iy bafi-1)+, (n—1)-,n+]))
= +u® VP 5(0p (iyugny Bafi-1)+, (n=1)-) (7.2.45)
= +ulP" " 5(0r¢)
as we claimed.
O
We can also partially describe the differentials from the point of view of
the sources. When min.J < min/, the first potentially non-zero differential

min J

supported by d(or¢ ) is de—1p , and we have the following:
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Proposition 7.2.46. Let I and J be such that §(or¢y) # 0. If minJ < min ]
and d(p’l)pnli!]J(é(alqﬁJ)) = 0, then we are either in the case of (7.2.37) and
d(ordy) is the target of a de=1p™" Hl, or we have o1¢ 5 = ¢B(min 1), an infinite
cycle whose u-tower is not the target of any differential.

Proof. We have

min J

AP~ (5(0140))
min J

(7.2.47)
= u(p—l)p 6(0106(min J)¢J[min J*])

and ﬁl(alaﬁ(min 7)®J[min s-]) can be seen to be zero only in the cases we claimed
when 3!(076.5) # 0.

The claim about o8y, ) Was already established in the proof of proposi-
tion 7.2.36. O

We are now able to describe the E°° page of our spectral sequence. When
minJ <min/ or I =0, 6(or¢ ;) # 0 support a non-zero differential d(?’_l)pmm"7
or we are in the case of proposition 7.2.46, and then we have either an infinite
cycle ¢f(min 7y Which is not of u-torsion, or we have the differential of (7.2.47).
But we saw in (7.2.45) in the proof of proposition 7.2.36 that the target of this

differential can be rewritten as

S(0 1\ {i}Ufmin J413DI[(i—1)F, (minJ)-]) (7.2.48)

for any ¢ € I, which is a class with min(Z \ {¢} U {minJ + 1}) < min(J[(i —
1)™, (min J)~]) so that we won’t need §(or¢ ;) in our following description of
E*. Conversely, when I # () and min7 < minJ, §(o7¢;) is the target of the
differential:

min I

de—1p ((5(0’1\{m1n 1}¢J[min Iﬂ))

in (7.2.49)
= uP=VP" 5 (o)

the u-tower of §(o¢ ;) is of infinite cycles, and we get an u-torsion class in the
E*° page. Thus, we have proved:

Theorem 7.2.50. In the E*° page of the u-Bockstein spectral sequence computing
ku.K(Z,3), the non u-torsion part is generated as a P(u)-module by 1 and 0B,
which give two copies of Ly, and by the 5(¢Byy) for alln > 0, which give copies
of F,. The u-torsion part is generated as a P(u)-module by the 6(or¢y) with
I#0 and minI < min J, which all give copies of IF,,.

There are some relations between the generators given for the torsion: the
torsion submodule is the free IF,-module over the §(or¢y) with I # 0 and min I <
min J, quotiented by Ker(3').

Degreewise, there can be extension both in the torsion and non-torsion part.
We will now prove that, as for THH, (ku), the p-torsion and the u-torsion are
the same because of some of the extensions.

Proposition 7.2.51. In ku,.K(Z,3), there are relations
p-6(6B0)) =’ o B0

) (7.2.52)
P 8(6By) = uP I 5(B 1))

for any i > 1.
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Proof. Our computation of the connective u-Bockstein spectral sequence also
determines the periodic u-Bockstein spectral sequence computing KU, K (Z, 3),
whose E page is generated as a P(u,u~!)-module by 1, B0y and the 6(pf;))-
All our differentials comes from the v;-Bockstein spectral sequence computing
L.K(Z,3), so that its E> page is generated as a P(v;,v; ')-module by the same
classes. However, reducing modulo p, we have:

(LAV(0).K(Z,3) =2 K(1).K(Z,3) 2 K(1). (7.2.53)
and the only possibility to get that from the E°° page is having the extensions
pi(#B(0y) = v10B(0)

; (7.2.54)
p5(¢5(i)) = U{) 6(¢B(i71))
so that
L.K(Z,3) ~ LV ¥*Lg. (7.2.55)
These extensions induces the one we claimed over ku. O

Here, we see a phenomenon — p-torsion and the u-torsion coincide — that occur
similarly in THH, (ku). From the E* of the u-Bockstein spectral sequence, we
now in both case that the u-torsion is included into the p-torsion. The formula
for the periodic case then implies the converse, because inverting u get rid of
the p-torsion too.

It is once again possible to describe the non-torsion part for integral ku as in
proposition 5.7.16.

Proposition 7.2.56. The non-torsion part ku,K(Z,3) includes a tower Z[u]
generated by oy where for each n > 1, u"‘laﬁ(o) 1s divisible by least common
multiple of the integers 1, 2, ..., n. That is, the non-torsion part is

Zul{1} @ Q (7.2.57)
where Q is the sub-Z-module of Qul{o B} generated by the

unflo.ﬁ(o)
lem(1, 2, ..., n) (7.2.58)
forn > 1.
7.3 The trace of K(Z,3) in THH(ku)
We will compute partially the algebra map
fikunK(Z,3)y — THH(ku) (7.3.1)

that factorizes the composition of the inclusion of part of the units in algebraic
K-theory with the Bokstedt trace map

$¥K(Z,3) —— K (ku) —— THH(ku)

\ / (7.3.2)

ku A K(Z,3
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as we have seen at the beginning of the chapter.

Our map reduces to maps we will also call f
HZ N K(Z,3)y — THH(ku; HZ,)) (733)
HF, A K(Z,3), — THH(ku; HF,,) o

and we will study it from theses and the p and u Bockstein spectral sequences.
The reduced maps are also algebra maps.
Our model for the modulo p map will be induced by

LY K(Z,2) — ku (7.3.4)
adjunct to the map
K(Z,2) — GLy(ku). (7.3.5)
The spectral sequence from proposition 4.3.12 is in this case
Tor!: KE2DF) (F, F ) = THH, (2K (Z,2); HF,). (7.3.6)

That spectral sequence collapses for degree reasons, and since they have the
same first page, it is formally the same as the bar spectral sequence computing
H,(K(Z,3);F,); we have an isomorphism

THH,.(XYK(Z,2);F,) = H,(K(Z,3);F)p). (7.3.7)
Let us compare it with the same spectral sequence computing ku:
Tor; ") (R, F,) = THH, (ku; HF,). (7.3.8)
It is known (see for example [5]) that
H,(ku;Fp) = P,_1(x) ® H (¢, F)p) (7.3.9)

and the homology of £ can be written as a sub-Hopf algebra of the dual Steenrod
algebra
H,(;F,) 2 E(ry,1>2)0P(&,i>1) (7.3.10)

so that our spectral sequence begin with
Tor,("F2)(F, F,) = E(ox) ® E(0&, i > 1) @ T(¢z) @ D(or, i > 2) (7.3.11)

with bidegrees

oz = (1,2)
o&il = (1,2p" —2
il = ( ) (7.3.12)
l¢z| = (2,2p - 2)
lom:| = (2,2p" — 1).
Proposition 7.3.13.
THH. (ku; HF,) = E(ox, A1) ® P(u1) (7.3.14)
with degrees
lox| =3
Al =2p—1 (7.3.15)
| =2p

and in the previous spectral sequence, ox is represented by ox, Ay by 0&1, p1 by

ox and /ﬁft by oTiy1 when i > 1.

113



7.3 The trace of K(Z,3) in THH(ku)

Proof. The claim about THH, (ku; HF,) = V(0). THH(ku; HZ,)) is theorem
6.8 of [5]

For degree reasons, ox is indeed ox, A\; must be ¢&; and p; must be ¢z.
Then there must be a multiplicative extension since ¢pzP = 0 and p} # 0. The
only suitable class in lower filtration is o2. Then for the same reasons, for each

i>1, /ﬂl’l is represented by o7;11. O
This allows us to describe f on the multiplicative generators of H, (K (Z, 3);F,).
Proposition 7.3.16. In THH, (ku; HF,) we have

f(eB)) = ox

f(oBa) =0 for anyi>1
(
(

F(68(5) =0 for any i > 0 (7.3.17)
F(vpedBy) = 0 or oxAipf Pt foranyi>0and k> 1.
Proof. We denoted earlier
or;E)(F, ) 22 Q) E(0B) ® T(¢B)) (7.3.18)
i>0
with bidegrees 4
loB| = (1, 2p") (7.3.19)

9B = (2,2p").

The elements 3y € Ha(K(Z,2);F,) issent to x € Ha(ku; Fp), thus f(oB)) =
ox. For bidegree reasons, whenever j > 1 and i > 0 the images by f of o3,y and
®B(;) must be zero. Whenever i > 0 and k > 1 the y,x$(;) are generating trun-
cated polynomial algebras, thus their images can only be zero or a square-zero
class. The only possible square-zero class is

FivpdBay —— oanpt T (7.3.20)

because of the degree. O

Now we are able to describe f on part of the torsion of H. (K (Z,3);Z,) and
on the class in degree 3.

Proposition 7.3.21. In THH, (ku; HZ,)), we have in the torsion

f(6(eg@)) =0 (7.3.22)

for anyi >0 and
f(0(o19)) =0 (7.3.23)

for any I and J such that I is neither empty nor {0}.
The non torsion element o) in degree 3 has image ou by f.
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Proof. We need to describe the exact couple

THH*(kU, HZ(p)) m THH*(ku, HZ(p))

‘X / (7.3.24)

THH., (ku; HF,)

Here the map ¢ is reducing the degree by 1. Recall that
THH, (ku; HZ ) = E(ou) @ THH.(HZ)) (7.3.25)

since our prime p is odd. The map m is multiplication by p and we can choose
our generator such that:
m(ou) = ox

m(kp) = Ay~ (7.3.26)
3(p) = v(k)pnp

where v is the p-adic valuation.
Since there is a commutative diagram
H.(K(Z,3);F,) —L— THH, (ku; HF,,)
Ls L; (7.3.27)
H, 1(K(Z,3); Z()) —— THH, ;(ku; HZ(,))

we can see that whether equation (7.3.20) is true or not, for all integers ¢ and k,

F(6(yprdB(s))) = 0. (7.3.28)

We also have
f(6(0Bay)) =0 (7.3.29)

since 0(0f(;y) = 0, so that we now the map fd on every multiplicative generators,
and ¢ have a sufficient multiplicative property to determine f on part the torsion
of H,(K(Z,3); HZ,)). This time, we work in the exact couple

H.(K(Z,3); HZ ) = H.(K(Z,3); HZ )

X / (7.3.30)

H.(K(Z,3); HFp)

in which we have chosen to represent the torsion by the image of §. But in our
case, since there is no higher p-Bockstein, the torsion is also isomorphic via 7 to
the image of 4!, and 7 is an algebra map. Thus, for a and b in H.(K(Z,3);F,),

e hve 7(65(aB' () = B (aB' (1))

54 (a)5(0)
7(5(a))7(5(5))
~(6()5 (b))

(7.3.31)
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so that when composing with 71,
§(aBr (b)) = 6(a)d(b). (7.3.32)
When T is neither empty nor {0}, we can choose some element ¢ > 1 in I,

and then
§(ords) = £8(on(iy0sB" (9Bi—1)))

(7.3.33)
= £(on (i3 97)0(dB(i-1))

and thus f(d(or¢s)) =0.
Finally, the claim about the class of degree 3 is true modulo p, so it must be
true up to the p-torsion, which is null in degree 3. O

Because of the extensions in ku.K(Z,3), this is enough to determines f
on the non-torsion part. For the torsion, the way it is generated additively
reduces the number of classes whose image by f we cannot say anything about,
because the torsion is generated by the §(o7¢s) such that I is not empty and
min / < minJ. The following comes from comparing the u-Bockstein spectral
sequences computing ku, K (Z,3) and THH, (ku).

Theorem 7.3.34. In THH. (ku), in the non-torsion part,

f(o‘ﬂ(o)) =0ou

(7.3.35)
F(6(880)) = uth s

for any ¢ > 0.
In the torsion, for any I and J such that I is not neither empty nor {0},
and minI < minJ, f(d(or¢s)) is divisible by u.

We still cannot say anything about f(d(aB(g)d.s))-
We can draw the tower above ou in THH, (ku) for p = 3, with multiplication
by p going up and multiplication by u going up and right.

s
o o
o o
o o
e o
e o
o
[ ) [ ) [}
o —
[} [ ) [ ]
/‘/ ~
ou u3 Vo9

Here the class ou in bold and the classes represented by e are in the image
of f, but the rest of the named classes are not.
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7.4 A remark on ku, as a ku,K(Z,2)-module

In this section we present some difficulties we had at computing a resolution of
kus as a ku,K(Z,2)-module. The goal was to compute Torfjij(Z’Q) (K, kusy),
as a first step for the bar spectral sequence computing ku. K (Z,3). We will first
review some facts about the algebra ku.K(Z,2), and then fail at providing a
proper resolution.

7.4.1 The algebra structure on ku,K(Z,2)

As a complex-oriented homology theory, the connective complex K-theory ku of
CP* = K(Z,2) has an algebra structure determined by its formal group law.
We recall the following facts, which can be found in [30] or [1]

Lemma 7.4.1 (3.3 of [30]). When E is a complex-oriented homology theory,
with complex orientation given by x¥ € E2CP>, then in cohomology:

o E*CP* = E*[[z®]] the power series on ¥ over E*.
o E*(CP* x CP*>) = E*CP* ®p- E*CP™.
In homology:
o E.CP™ is E, free on B; € Ez;CP> fori >0, dual to z°.
o E,(CP™ x CP®) = E,CP™ @5, E.CP®.
Moreover:

e The diagonal CP*® — CP* x CP* induces a coproduct 1 on E,.CP™ with
P(Bn) = 210 Bi ® B

e The H-space product m : CP™ x CP* — CP* induces a coproduct m*
on E*CP> with m*(z%) = Y, .sgai;z" @ 27 and a;; € E7200HHD —
Baitjr)-

_ _ Z y . . . .
e Fly,2) =y+rz= Zi,jZO ai;y'2) is a commutative associative formal
group law over E*, i.e.

F(y,Z) :F(Zay) F(yvo) =Y F(yﬂF(va)) :F(F(yaz)vw)
(7.4.2)

o In the power series ring E.CP™[[s,t]],

B(s)B(t) = B(s +r t) (7.4.3)
where (1) = Zizo Bir® and the product is the H-space product.
e Define [1]r(s) = s and inductively [n]p(s) = [n — 1 r(s) +F s, then

B(s)" = B([n]r(s)). (7.4.4)

The formal group law on KU is known
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Proposition 7.4.5 (example I1.2.9 of [1]). The formal group law on KU is the
multiplicative one
F(y,z) =y +z+yz. (7.4.6)

Since the map ku*CP>* — KU*CP> is a map of Hopf algebra, the formal
group law is the same on ku. Remark that it is convenient not to write the Bott
element in the formal group law, which should really be written as

F(y,z) =uy +uz+yz (7.4.7)

In what follows, we will not write the Bott element either; every computation we
will do will be homogeneous, so that the suitable power of u should be inserted
when needed.

We know that ku. K (Z,2) is a free ku,-module over the 8; € kus; K(Z,2). We
want to determine the algebra structure on ku,K(Z,2), that is the multiplicative
relations between the ;. This is entirely given by the formal group law. We
know that the following is true in that algebra:

B(s)* = B([2)r(s))
= B(2s + 5?)

=D Bi(2s+5) (7.4.8)

>0

-3y (f)eenin
j>0 k=0
so when computing the coefficient of s™ of each term, we have the equality
- o -7 2j—n
=0 2<j<n

for any n > 0. The element §y is what we usually call 1, so now we see that
these equations determine the 3, inductively from i, since on the left-hand
side the coefficient of 3, is 2, and on the right-hand side it is 2™.

Proposition 7.4.10. In ku.K(Z,2), the following equivalent formulas are true:

n l' H 51 - Z
=0
ﬁlﬂn = nﬂn + (TL + 1)ﬁn+1

1
ﬁn—i—l = m(ﬁl - n)ﬂn

(7.4.11)

Proof. Since the equations (7.4.9) determine the (3, inductively, we only need to
prove that the formulas we propose make them hold for each n > 0. Let P, be
the polynomial in 8, we get when inserting our first formula in the left-hand
side of (7.4.9):

n i—1 n—i—1

pnwl):z;“(nl_z)ﬂwl B G-k (1419

i=



7.4 A remark on ku, as a ku.K(Z,2)-module

Let @, be the one we get from the right-hand side:

Qu(B)= Y (zj{_n)2%—”;,11(51—-k) (7.4.13)

" k=0

P (7.4.14)
-2 ()05
h @b = 2 <2jj—n> S e
eosn (7.4.15)

Combinatorially, P, (k) is the number of ways, in a set F with k elements, to
choose an integers 4, and to choose a subset A of E with i elements and a subset
B of E with n — i elements. On the other hand, @, (k) is the number of ways
to choose an integer j, to choose a subset U of E with j elements, to choose
a subset V' of U with n — j elements, and a subset W of U \ V' (which has
j—(n—j) = 2j —n elements) of any cardinality. These two processes are
equivalent, and we can go from one to the other by setting

U=AUB
V=ANB
WUV =4
U\W =B

(7.4.16)

so that for any integers n and k, P, (k) = @, (k); then P,(81) = Q,(81), and we
have proved our claim. O

From this formula we can deduce one for all the products between the (3,,’s.
In what follows, we use the usual convention that (g) =0 when £k <0or k> p.

PI‘OpOSltlon ; o4.1 ; . [n ku*K(Z, 2)
3 3 j : m + 1 n ( )
i n 1 ‘

The convention above makes that formula symmetrical, and the first term of the
sum is really Bmax(n,m)-
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Proof. Let m be a fixed integer. We prove the claim by induction on n. For
n = 1, this is proposition 7.4.10. Assume that the formula for 3, 3,, holds. Then:

ﬁn+1/8m

1
1

n -+ (51 7”)5n5m
1

(m . Z) (11) (M +9)Bmti + (M +i+1)Bmtiv1 — nBmti)

n

N n—ll-l 2 (m; Z> <7Z> (m+i = 1)
LR e
S () (i
+ <m Jrrji 1) (2f1> (m+i)>/67n+i
n+1

1 (m+1)! n—i+1 i
_n+1;(m+i—n—1)! (z’!(n+1—i)!+i!(n+1—i)!>ﬁmﬂ

n+1 .
_ (m +i)! ‘
_; (m+i—n—1)!i!(n+1—i)!ﬁmﬂ

_Tf m+1 n—|—16 .
= \n+1 i e

(7.4.19)
so that our formula holds for 8,,4+18,,. This complete our induction. O
7.4.2 A non-resolution of ku,
Let C be the augmented algebra complex presented as:
0+ kuy + ku K(Z,2) @ E(cBn, n > 1) @T(¢y, n > 2) (7.4.20)
with bidegrees |03, = (1,2n) and |¢,| = (2,2n) and with differentials
d(ofn) = Bn
(96n) =5 (7.4.21)

d(pn) = (b1 — (n — L)u)ofp—1 — nofp.

Note that we now write the Bott element. Since in the previous section we saw
that the relations

B1Bn = nufp + (n+1)Bnt1 (7.4.22)

were enough to determine ku.K(Z,2) as an algebra, C is a candidate for a
resolution of ku,.. This is not the case.
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Proposition 7.4.23. In C,
d(B20By — u?o By — 6ucfs — 60,4) = 0 (7.4.24)
but that element is not a boundary.

Proof. Proposition 7.4.17 implies that
B3 = u*By + 6upBs + 654 (7.4.25)

in ku.K(Z,2), so that the differential of the claim is indeed zero. The element
supporting that differentials is in bidegree (1,8). For it to be a boundary, we
need an element in bidegree (2, 8), that is a linear combination with integral

coefficients of the elements:
uoBr10B2

proBro B2

oB1opB3
U2¢2

B (7.4.26)
B2g2
ug3
B193
Pa.-

In order for o84 to appear in the differential, the coefficient of ¢, must not be
zero. But
d(¢4) = (B1 — 3u)o B3 — 4o fy (7.4.27)

so that the coefficient of ¢, is a multiple of 4, and cannot be 6. [

This is not the only difficulty, since we can make a similar argument for
the product ,,/3,,, where (m;") Bn+m appears, and d(d,,+r,), whenever m +n
does not divide (m;:n) It seems to be the case a lot when n and m + n are not

coprime. Moreover, we can compute:

d((B1 + u)p3 + 3¢4)
= (81 +u)(Br — 2u)o Bz — 3(B1 +u)o Bz + 3(B1 — 3u)o Bz — 12034

(7.4.28)
= (ufy + 282 — 2uBy + ufy — 2u?)ofy — 12ucfs — 12084
= 2B50Bs — 2u?0 By — 12uc B3 — 12054
so that if we add an element 1 to our complex such that
() = Bao Py — uo Py — 6uofs — 60, (7.4.29)
we also add the relation
d((B1 +u)ds + s — 2¢) = 0. (7.4.30)

Since this does not solve our problem, and that the divisibility of ("™) by m+n
is not an easy problem, this cannot be a reasonable way to obtain a resolution.
Remark that everything we said about ku,K(Z,2) is also an obstruction

when substituting ku with HZ, that is when putting © = 0 in all the equations.
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Appendix A

Some code to generate

pictures of the torsion module
of THH(ku)

The following Haskell code compiles to a program that output to its standard
output a minimal IXTEX document containing a tikz picture of the torsion part
of THH. (ku) of degree d such that |oupyn| < d < [oupspn|. It needs to be called
from the command line with exactly 5 argument:

$ ./prog p n ul u2 p2

where p is an odd prime, n > 1 is an integer, (ul,u2) is a couple of (decimal)
numbers which determines the offset of multiplying by v in the plane, and p2
is a decimal number which determines the vertical offset of multiplying by p.
Suggested parameters can be:

$ ./prog 33 0.50.51

Be wary though that tikz is a bad backend to draw big pictures, and that any
attempt to up p or n too much will result in an uncompilable EXTEX document —
e.g., p =5 and n = 3 might fail depending on the sizes chosen.

import System.Environment
import Data.Maybe

-- return the p-adic valuation of x

valuation :: Int -> Int -> Int
valuation p x = val x O
where
val y v
| v ‘mod¢ p == 0 = val (y ‘div® p) (v+1)
| otherwise =v

-- return the smaller (right most) non zero digit of x in base p
premierChiffre :: Int -> Int -> Int
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premierChiffre p x
| x ‘mod¢ p ==
| otherwise

premierChiffre p (x ‘div‘ p)
x ‘mod‘ p

-- list of the element u~k v_0"q \sigma u \mu_{p~n+r} in the module
-- corresponding to \sigma u \mu_{p~n}
listeDesNwuds ::Int -> Int -> [(Int, (Int, Int))]
listeDesNeeuds p n =
[ (r, (q, k)
| r <- [0, p .. pon - p]
, 9 <- [0 .. (valuation p (p~n+r)) - 1]
, k <= [0 .. p~(valuation p (p~n+r) - q) - 3]]

-- tell if an element u~k v_0"q \sigma u \mu_{p~n+r} is a valid
-- element of the module corresponding to \sigma u \mu_{p~n}
neudExiste :: Int -> Int -> Int -> Int -> Int -> Bool
neudExiste pnr g k =

r ‘mod p==04&& 0 <=1 && r <= p™n - p &&

0 <= q & q <= valuation p (p7n + r) - 1 &&

0 <= k && k <= p~(valuation p (pn + r) - q) - 3

-- return a list of the line needed in the drawing from the
-- node r q k, in a Maybe
-- a line is (Bool, (Nodel, Node2)) going from Nodel to Node2
-- with Bool being true if the line need to be bended
traitsDuNeud :: Int -> Int -> (Int, (Int, Int))
-> [Maybe (Bool, ((Int, (Int, Int)), (Int, (Int, Int))))]
traitsDuNeud p n (r, (q, k)) =
[traitPossiblel, traitPossible2, traitPossible3]
where
maybeFromBool t a = if t then Just a else Nothing
traitPossiblel =
maybeFromBool (neudExiste pnr q (k + 1))
(False, ((r, (q, kK)), (r, (g, k + 1))))
traitPossible2 =
maybeFromBool (neudExiste p nr (q + 1) k)
(False, ((r, (q, kK)), (r, (@ + 1, k))))
traitPossible3 =
maybeFromBool (q == 0 & b == p - 1)
(True, ((r, (q, k)), (c - p°n,
(valuation pc -m - 1, k + p~(m + 1) - p°m))))
= premierChiffre p (p~n + r)
pn+r-(p-1) *xp™m
valuation p (p7n + 1)

8 o o
I
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-- return the list of all the edges to be drawn in the
-- module corresponding to \sigma u \mu_{p~n}
listeDesTraits :: Int -> Int
-> [(Bool, ((Int, (Int, Int)), (Int, (Int, Int))))]
listeDesTraits p n = concat $ map (catMaybes . traitsDuNwud p n)
$ listeDesNeuds p n

-- write a string to be used as a label in the tikz drawing
écrireEtiquette :: Int -> Int -> (Int, (Int, Int)) -> [Char]
écrireEtiquette p n (r, (q, k)) =

"u" ++ show k ++ "p" ++ show q ++ "m" ++ show (p™n + r)

-- write a string of latex to be shown at the node
écrireNomLatex :: Int -> Int -> (Int, (Int, Int)) -> [Char]
écrireNomLatex p n (r, (q, k))
| k == 0 && q == 0 = "\\sigma u \\mu_{" ++ show (p™n + r) ++ "}"
| otherwise "\\bullet"

-- write the line of tikz for a node
écrireNeudTikz :: Int -> Int -> (Float, Float) -> (Float, Float)
-> (Int, (Int, Int)) -> [Char]
écrireNeudTikz p n vecteuru vecteurp no =
"\\node [inner sep=1pt] (" ++ (écrireEtiquette p n no) ++
") at " ++ (show $ coordonnéesNwud vecteuru vecteurp no) ++
" {$" ++ (écrireNomLatex p n no) ++ "$};"

-- coordinate of the node, pl should really be 0
coordonnéesNeud :: (Float, Float) -> (Float, Float)
-> (Int, (Int, Int)) -> (Float, Float)
coordonnéesNeud (ul, u2) (pi, p2) (r, (g, k) =
(p1 * fromIntegral q + ul * fromIntegral k + ul * fromIntegral r
, p2 * fromIntegral q + u2 * fromIntegral k)

-- write the line of tikz for an edge

écrireTraitTikz :: Int -> Int
-> (Bool, ((Int, (Int, Int)), (Int, (Int, Int))))
-> [Char]
écrireTraitTikz p n (b, (nol, no2))
| b =

"\\draw (" ++ (écrireEtiquette p n nol) ++

") to[bend right=8] (" ++ (écrireEtiquette p n no2) ++ ");"
| otherwise =

"“\\draw (" ++ (écrireEtiquette p n nol) ++

") to (" ++ (écrireEtiquette p n no2) ++ ");"
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main :: I0 Q)
main = do
a:b:c:d:e:[] <- getArgs
let p = read a :: Int
let n = read b :: Int
let ul = read c :: Float
let u2 = read d :: Float
let p2 = read e :: Float
putStrLn "\\documentclass[tikz]{standalone}"
putStrln "\\usepackage [utf8]{inputenc}"
putStrLn "\\usepackage[T1]{fontenc}"
putStrln "\\begin{document}"
putStrLn "\\begin{tikzpicturel}"
mapM_ (putStrLn . écrireNeudTikz p n (ul,u2) (0,p2))
(1isteDesNeuds p n)
mapM_ (putStrLln . écrireTraitTikz p n) (listeDesTraits p n)
putStrln "\\end{tikzpicture}"
putStrLn "\\end{document}"
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